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Abstract

LAMPLIGHTERS GROUPS
Holly Miller, B.S.

George Mason University, 2023

Honors Thesis Director: Anton Lukyanenko

The focus of this paper is the traditional lamplighter group Lo = (Z/27)wrZ and
the broader class of lamplighter groups Lg = G wrZ, where G is a finite group. These
groups have seen direct use in papers such as [7], in which Grigorchuk, Linnell, Schick,
and Zuk show there is a closed Riemannian manifold (with the HNN-extension of Ly as its
fundamental group) that has a rational L?-Betti number. Other results rely on generalizing
or building atop the lamplighter group, as is done by Brieussel and Zheng in [3] to expand
the known possible speed, entropy, isoperimetric profile, return probability, and compression
gap attainable by random walks on finitely generated groups.

This paper provides the algebraic background needed to understand the definition of the
traditional lamplighter group, as well as its presentation, Caylely graph, and representation
as an automaton group. All three of these constructions provide distinct avenues to general-
ize the lamplighter group. The sort of generalization discussed in this paper—moving from
Lo to Lg—is quite natural from the perspective of the lamplighter group’s Cayley graph
and presentation. The case of finding a suitable automaton to generate such generalizations
is more interesting; only some lamplighter groups Lg can be generated by automata. When

G is a finite Abelian group, then Lg can be generated by the Cayley machine C(G) of G,



and when G is a finite Non-Abelian group there is no automaton which can generate the
group. These Cayley machines are interesting in their own right, so we explore the more

general structure of the groups generated by Cayley machines.



Chapter 1: Introduction

This paper examines the lamplighter group Lo = (Z/27) wr Z and several of its generaliza-
tions. The name “lamplighter” derives from viewing an element of the group as an infinite
street with integer addresses. There is a lamp installed at every address on the street.
Only finitely many of these lamps are on, and there is a lonely inhabitant on the street:
a lamplighter who stands by some particular lamppost. Under this analogy, the group is
generated by two elements: one which causes the lamplighter to walk forward a block from
their current position, and one which causes the lamplighter to interact with the lamp they
are standing by.

The analogy lends itself well to generalizations. The street could install lights with
varying brightness ((Z/nZ) wr Z), multi-color lights of varying brightness (((Z/nZ) & --- &
(Z/nmZ))wrZ), or some very elaborate lights that almost no one knows how to work
(G wrZ where G is finite non-Abelian).

In general, an element of Ly is an integer-indexed binary sequence paired with an in-
teger tag. Suppose we take two elements ((...,s-1,S0,81,...),M) = ((8i)icz, M) and
((...,t—1,t0,t1,...), N) = ((t;)iez, N) from Ly. Then the product ((s;)iez, M) ((ti)icz, N)

is taken as follows:
1. Shift the elements of the t-sequence right by M places, so that (...,t_1,t0,t1,...) =
(ti)iez becomes (..., t_pr—1,t-pr,t-prgt, ... ) = (timm)iez-
2. Add the elements of the s-sequence and shifted ¢-sequence modulo 2, to get the se-

quence ( 81+ t-p—1,8 +t-nm, 81 oM+, - ) = (Si "‘tifM)ieZ

3. Tag the resulting sequence with the sum of the two tags M + N, giving the element
((..,sc1+t-pmr—1,80 Ft-nr,s1+t—nrg1y. -2 ), M+ N) = ((s; + ti—nr)iez, M + N).

1



To give a concrete example, suppose that (...,s_1, so, $1,...) = (...,1,0,1,...)and M =1,
and that (...,t_1,t0,t1,...) = (...,0,1,1,...) and N = —8 (with all s; and ¢; not shown

vanishing). Table [1| illustrates the multiplication process.

Element Tag | Value at Index --- -2 -1
Operand 1 1
Operand 2 -8
Shifted Sequence
Summed Sequences

Result -7

(o] Nenll Hen) Nenll Nan
Il R =l =l
(o] Reol Nen) Nl Nean) Nen)
OO | ===
e el R =1 =1l \V]

Table 1.1: Multiplication of two lamplighter elements

Recent interest in Lamplighter groups stems from a few sources. In [8] Grigorchuk and

Zuk proved that Lo is generated by the automaton in Figure Using this interpretation
of Ly and the set of generators it provided, they determined the spectrum of random walks

on the binary tree, on which Ly naturally acts. In [7], Grigorchuk, Linnell, Schick, and

Zuk use this to show the existence of a closed Riemannian manifold with a rational L2-
Betti number, providing a counterexample to the strong form of Atiyah’s conjecture [1].
Another common perspective comes from those interested in Diestel-Leader graphs—see
[0, 114] for references therein—and the generalization to cross-wired lamplighter groups, in
which changing the setting of one lamp may impact others |12} [19]. A broader introduction
to lamplighter groups with further references to the literature can be found in Chapter 15
of [14].

The traditional lamplighter Lo is an example of what is known as a self-similar group—
see Section[3.3]and [13]. Self similar groups are groups generated by the states of a particular
class of automata known as invertible synchronous transducers. We define these automata
in Section and they are also defined in |13} [17]. An automaton of this class is intuitively
thought of as a machine with several states of operation. It receives streams of input and
uses these to determine its output stream and its new state of operation. A great variety of

groups are self similar—all finite groups, for a start—but the definition is not so broad as



to be vacuous and several self-similar groups with interesting properties are easily described
by their automaton. For instance, it was shown in |9] that the group generated by Figure

has growth rate between polynomial and exponential.

Figure 1.1: Automaton generating the Grigorchuk group

The automaton generating the lamplighter group Lo is given by Figure One might
naturally wonder if the aforementioned generalizations of Lo may be realized as groups
generated by automata. This is the case for the first two generalizations, but not for the
third—see Section as well as [17].

The Cayley graph of the lamplighter group is a special case of a Diestel-Leader graph,
which are constructed by “tying together” two regular trees oriented in opposing directions.

The details of this are given in Section as well as in [4] and [1§].

of1

110 (3:{) (@ 0[0
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Figure 1.2: Automaton generating the lamplighter group



1.1 Notation

The conjugations ¢~ 'hg and ghg™!

are denoted (h9) and (Yh), respectively, and the com-
mutator [g, h] is to mean g~ *h~1gh. The collection of natural numbers is considered to be
N ={0,1,...}, and Ny = {1,2,...}. The restriction of a function f : X — Y to some
set A is denoted f|A. In particular, A is not subscripted so as to avoid conflict with other

notation introduced later in the paper. The identity function on a set A is denoted Id 4,

and the symmetric group on A is denoted S4.



Chapter 2: Algebraic Constructions

In what follows, three different constructions are discussed in service of the description of
lamplighter groups—automata, tree automorphisms, and wreath products. The automata
and the tree automorphisms are quite closely connected. In fact, the semigroups formed
from tree endomorphisms are the semigroups generated by automata. Wreath products are
a more general construction, but are well suited to represent the elements of self-similar
groups and are used to define the lamplighter and diagonal groups. One might also refer
to [13] for a different overview of all three constructions. Wreath products in particular are

commonplace in graduate texts on group theory, see for example [15] and [16].

2.1 Wreath Products

Semi-direct products are used to build wreath products. As there are left and right semi-
direct products, there are also left and right wreath products. There are times at which

one is more natural than the other, and both find use in this paper.

Definition 1. Let G and H be groups and let ¢ : H — AutG be a homomorphism,
with ¢(h) denoted ¢y. The right semidirect product G x, H is the collection of pairs

(9,h) € G x H endowed with the multiplication (g1, h1) - (92, h2) = (919n,(92), h1h2).
It is worth comparing semidirect and direct products:
1. If ¢ is the trivial homomorphism, then G x H = G %, H.

2. In G x H, the subgroups G = G x {1} and H = {1} x H are normal. Only G is

normal in the semidirect product G %, H, unless ¢ is trivial.

3. In G x H, the subgroup [G,H| = ([g,h] : ¢ € G,h € H) is trivial, so G commutes

with H in G'x H. This is not the case in G' X, H unless ¢ is trivial.
5



4. GNH is trivial in G x H and in G »x, H.

In fact, Condition [2] and Condition {| provide the necessary and sufficient conditions for a

group to be a semi-direct product.

Lemma 1. Let K be a group with subgroups G, H < K such that GH = K. If G is
normal in K and G N H = {1}, then there is a homomorphism ¢ : H — Aut G for which
K=Gx,H.

Proof. As K = GH, that the map K — G x H : gh — (g,h) is a bijection follows as
soon as we show that it is well defined. But this is because each k£ € K has a unique

representation as a product in GH—if the elements g1, g2 € G and hy, ho € H are such that
gihi = gahg = k, then g1g;* = hohy' =1 as GN H = {1}.
For every h € H, let ¢ : H — Aut G be given by ¢y, : g — ("g) = hgh™!. Then given

ki,ks € K by k1 = g1h1 and ko = goho for appropriate g1, g2 € G and h1, ho € H, it follows

kiky = gihigahs = gihigahy ' hahe = g1(" g2)hihe = gion, (92)hihs.
Thus G x H endowed with the multiplicative structure of K is G x, H. |
Left semidirect products are defined using antihomomorphisms.

Definition 2. Let G, H be groups and let ¢ : G — H be such that ¢(g192) = ¢(g2)p(g91).
Then ¢ is an antihomomorphism. These are closely related to right actions—if G right-acts
on a set A, then the action induces an antihomomorphism from G to S4, the symmetric

group on A.

Definition 3. Let G and H be groups and let ¢ : H — Aut G be an antihomomorphism,
with ¢(h) denoted ¢;,. Then the left semidirect product H X, G is the collection of pairs

(h,g) € H x G endowed with the multiplication (hi, g1) - (h2, g2) = (h1h2, pn,(91)92)

Suppose again that K is a group with subgroups G, H < K such that HG = K. If G is

normal in K and G N H = {1}, there is an antihomomorphism ¢ : H — Aut G for which

6



K = Hx,G. Infact, itis p : g — gh = hilgh, as if kq, ko are in K by k1 = h1g1, k2 = hago

for appropriate g1, g2 € G and hy, hy € H, then

kiko = higihags = hihahy *g1hags = h1h2(9?2)92 = h1ha@n,(91)g2-

The rest of the proof is analogous to the one given for right wreath products.

Definition 4. If G and A are sets, then G4 denotes the collection of functions from A
to G, equivalently the collection of A-tuples with entries from G. If G is a group, then

this collection is referred to as the direct power of G by A. It is a group by the operation
(ga)aca - (ha)aca = (gaha)aca for each (ga)aca, (ha)aca € GA. The direct sum ®4G is
the subgroup of G4 consisting of the elements (ga)aca € G* in which g, # 1 holds for only
finitely many «.

If A is finite, then the direct sum is equal to the direct power. For brevity, (g )aca may

be shortened to (ga)a. If an element (gq)o € G4 is constantly g, we denote it §.

Lemma 2. Let G and H be groups, and let A be a set. If ¢ : H — 5S4 is a homomor-
phism, then the induced function H — Aut G4 given by ¢y : (ga)aca — (9pn(a))aca is an

antihomomorphism.

Proof. Given (go)a € Aut G4 and hi, hy € H, one computes

(P(hina)) (9a)a) = (9o ny)@))a = Gon, (ony(@)))a = Pha(Gp, (0))a = Pha (01 (ga)a). W

Corollary 1. If we restrict the domain of the induced function to 4G, then the induced

function is an antihomomorphism into & 4G.

Proof. As ¢y, is in Aut G4, its effect on an element of G4 is to permute its entries. It follows

that if (g )a is in @G, then so too is the map i ((9a)a) = (¥r(9a))a- [

Similarly, if ¢ were an antihomomorphism, then the induced function would be a ho-
momorphism. This corollary gives the final piece of information needed to define wreath

products:



Definition 5. Let G and H be groups, and let A be a set. Let H right-act on A, inducing
an antihomomorphism ¢ : H — S4 and thus a homomorphism ¢ : H — Aut@®4G. The

right wreath product G wr H is the right semidirect product (®4G) %, H.

If H instead left-acts on A, inducing a homomorphism ¢ : H — S4 and thus an
antihomomorphism ¢ : H — Aut G4, then the left wreath product H1G is the left semidirect

product H X, (©aG).

Remark 1. Definition [5| provides what are known as restricted wreath products. Unre-
stricted wreath products are of form G4 x, H (right) and H x, G4 (left). Unrestricted

wreath products are not used in this paper.

2.2 Automata

The second construction of note is that of automata. We are not interested in the study
of these structures themselves, although they are quite interesting. Instead, the aim is to

develop exactly enough of their theory to see how they can be used to generate groups.

Definition 6. An automaton is a quintuple A = (1,0, Q, 9, \). The input alphabet I and
the output alphabet O are finite sets of elements known as letters. The set @ is of elements
known as states. It is not generally true that () is finite, but when it is then A is said
to be finite state. The function ¢ : @Q x I — @ is known as the transition function, and

A:@Q x I — O is known as the output function.
Example 1. A coffee machine can be modeled as the automaton %, with
e The input alphabet I = {grounds, water, power}.

e The output alphabet O = {nothing, grounds, water, coffee, fire}—a fire is perhaps a
somewhat dramatic output for a coffee machine run without any water, but it provides

more states, and unattended coffee machines do catch fire on occasion.

e The states Q = {empty, with grounds, with water, with both, broken}.
8



The state and transition functions would be cumbersome to write out, so instead one uses
a Moore diagram. Figure |2.1| provides the appropriate digraph. Here, the states are repre-
sented as circles, and, for a given state and input, the resulting state—the output from the
transition function—is pointed to by an arrow from the initial state. The arrow is labeled
with the input letter and output letter (from the output function), which are separated by

a vertical bar.

water |
nothing

water |
water
power |
power | fire grounds |
grounds | power | nothing
nothing coffee
water | broken /\mh with water |
water power | grounds water | both water
fire nothing
grounds | grounds | grounds |
grounds grounds grounds

Figure 2.1: A coffee machine modeled as an automaton and described via a Moore diagram

Except in some examples, the input and output alphabets will be identical. When this
is the case then A will be denoted as a quadruple and the common alphabet will be denoted
A.

Every state ¢ € @ is associated via the output function to a map I — O given by
X¢(+) = A(g, -) and via the transition function to a map I — @ given by d(q, -). We can
then chain these together to associate to each ¢ € @ functions I? — O? and I? — Q as

follows (with input (o, 3) € I?):

Loq(+) : (. ) = (Mg, @), A(6(g, @), B))



2. q,() : (Od,ﬁ) = (5((5((],0&),,@)

These maps correspond to taking two steps in the Moore diagram of the automaton. The
first map provides the output element from each edge along the walk, and the second map

provides the state landed on at the end of the walk.

Example 2. Returning to the context of our coffee machine %, we have

—_

. Mempty, grounds) = nothing,

\]

. d(empty, grounds) = “with grounds”,
3. A(with grounds, power) = fire, and

4. 0(with grounds, power) = “broken”.

With ¢ = “empty”, a = grounds, and 8 = power, the output under ¢(-) would be

(nothing, fire), and the output under g|.) would be “broken”.

Continuing in this manner gives, for each state ¢ € @, an extension of ¢(-) (which
we denote ¢(-) as well) from I"™ to O™. Moreover, if this extension sends (aq,...,a,) to
(B1,-..,0n) and sends (aq,...,Qn, @nt1) t0 (Y1y--+Vn, Ynt1), then B; = v; for each i by
induction. In this way, ¢(-) builds on its mapping of each (aq,...,a,). Viewing each
sequence as a set of pairs of indices and values, we can extend ¢(-) to infinite I-sequences

by taking

(om)nevs = |J {(i,ew) s 1<i<n}.

neNL
We can now begin the process of codifying q(-), ¢/(.), and their extensions.

Definition 7. Let A° = {()}, where () denotes the empty sequence. For each positive natural
number n, let A<" = U?:_()l A’ be the collection of A-sequences with length less than n, and
let AS® = A™ U A<" be the collection of A-sequences with length at most n. Define
A=Y = J,en A to be the collection of all finite A-sequences, and define AS® = A* U A<

to be the collection of finite and countable A-sequences.

10



Note that () is in A<" for each n > 1, is in AS" for each n > 0, is in A<%, and is in AS%,
In the context of the alphabet A of an automaton, Greek script is used to denote elements
of A, while Latin script and sequence notation are used to denote elements of A”, A<“, and

A=¥. We make an exception to this Greek-Latin dichotomy in certain cases. For example,
it may not make sense to use different scripts if A = @ or when referring to specific letters

and words of a given alphabet.

Definition 8. Let a € AS¥. It is called a word. The length of a is its length as a sequence
and is denoted |a|. If b € A<, the concatenation of a = (a1,az,...) to b= (B1,...,Bp) is
the sequence (f1, . . . s Bl 1, a2, - ), denoted b a or ba. The latter form is used to denote
elements of A< as repeated concatenations of elements of A. The collections A<% and
A=® are partially ordered as follows: given a,b € AS¥, we say a < b if b = a" ¢ for some
c € AS¥. If this is the case, then a is called a prefiz or initial segment of b. Under this
ordering, ASY is a set theoretic tree, meaning for each a € AS% the set {b € AS* : b < a}

is well-ordered.

Definition 9. For ¢ € Q and «y,...,a, € I, we denote ¢|o, = d(g, 1) and recursively de-
fine (qlay-an_1)lan = qlas-a,- Extending these maps to I* is not consistently well defined,
because the state of the automaton given an infinite input sequence may not stabilize. We

define g(a1) = A(q, a1), recursively define

qlag--an) = qlar - an—1)" (qlar-an_) (),

then take the union
o
UG, (qlea - an))i) i <} = g(an) " qlay (a2) ™ -
n=1

(q(aq -+ - o) is a sequence, so it can be indexed) to mean g(ajaz---). These conveniently

express the generalizations of Item [I] and ITtem

Thus, if A = (A,Q,d, \) is an automaton, each ¢ € Q corresponds to a function AS% —

11



AS¥ by q : a — q(a). Each state ¢ € Q is identified with the induced function AS* —

A=Y : a1+ q(a) except in rare cases, where the decoupling will be noted.

Example 3. It is not generally the case that distinct states in ) correspond to separate

functions. For instance, the automaton with Moore diagram given by Figure

,0) ,00 = 0
NI S P R
(¢,0) : ¢q (¢,0) : 0

is such that p and ¢ both correspond to the constant function Idyy.

ol

Figure 2.2: An automaton with two states corresponding to the same function

Definition 10. An automaton A = (1,0, @, 0, \) is reduced if the correspondence between

@ and functions =% — O=¥ is injective.

Example 4. Figure gives the automaton .# of a different sort of coffee machine.
This automaton is reduced, as the output on either element of the input alphabet I =

{nothing, coffee} differs between the two states ) = {caffeinated, decaffeinated}.
A particular class of automata are easily connected to groups:

Definition 11. Let A = (1,0,Q, 4, \) be an automaton. If ¢ : I — O is a bijection for

every state ¢ € @, then we say A is invertible. The inverse automaton of A is defined to
be A~ = (O,I, Q1,9, 5\) Here Q! is formally defined to be {¢~! : ¢ € Q} and so is in

bijective correspondence with Q. The transition and output functions of A~! are such that

12



nothing | nothing

coffee | nothing

decaffeinated caffeinated

nothing | theorem

coffee | theorem

Figure 2.3: A different sort of coffee machine

5(g7',a) = p~! and S\(qfl,a) = ( if and only if §(¢,8) = p and A(q, ) = . That is to

say, ¢ '(a) = B and ¢ !|, = p~! if and only if ¢(8) = o and q|z = p.

Example 5. The automaton .# of Figure [2.3|is not an invertible automaton, as both of
its states are constant on I (though not on I=¥). The automaton % of Figure is also

not invertible as it has a larger output alphabet than input alphabet.

Example 6. Let G be a finite group, let A = Q = G, let A : G — G be given by
Ag,h) = gh, and let § : G — G be given by §(g,h) = 0 for all g,h € G. This automaton
is invertible as Ay = (g, -) is invertible for each g € G. See Figure for this automaton
when G = Z/3Z. As a small remark, this is the automaton that generates G (although we

have not yet defined what this means).

Figure 2.4: The automaton that generates Z/3Z, as described in Example @

13



Example 7. Take the Cayley graph of a finite group G, generated by G itself, and for each
pair of elements g, h € G, label the arrow from g to h with input ¢g~'h and output h. The

result is an invertible automaton, denoted C(G). This construction is given in Figure
for the dihedral group Da.3 = (r,s : 13,52 (rs)?). It is known as a Cayley machine [17].

Cayley machines are used extensively in Chapter

Remark 2. If A = (A,Q,d, \) is an invertible automaton, then ¢~ '(¢(a)) = @ and ¢~ |, =

ql5! for any letter o € A and state ¢ € Q by Definition In particular, (¢~ oq) = Id 4<..

Definition 12. A map f : ASY — AS® is called a (rooted-)tree automorphism if f is
bijective, preserves the length of words, and preserves prefixes, in that if a € A<% and
u € AS¥ then f(a"u) = f(a)" v for some v € AS*. The group of tree automorphisms of

A=Y is denoted Aut AS¥.

Definition 13. If A = (A, Q,J,\) is an invertible automaton, then each state ¢ € @ is in

Aut AS¥ by Definition |§| and Remark [2l The phrasing Q C Aut AS“ is avoided unless A is

reduced, as otherwise multiple states of ( correspond to the same automorphism. If ¢ is a
state in @ (and so an automorphism of AS¥) and a is a word in A<“, then ¢|, is necessarily

a state in Q, so ¢, is also in Aut ASY,

Definition 14. We extend the notation ¢|(.) to tree automorphisms, so if f € Aut A g
a tree automorphism and a € A< is a word, then f|, is such that f(a™b) = f(a)™ f|a()
for all words b € AS®. Tt is also true that f|, € Aut AS“ however if G is a subgroup of

Aut AS¥ and f is a tree automorphism in G, it is not necessarily true that f|, remains in

G for all words a € A<¥.

Example 8. Let A = Z/27 and let f € Aut AS¥ by

14



where the addition is modulo 2. Then {Id 4<., f} < Aut AS¥ as

flarazas--an--) = flar ™ (aa + 1) (az +1)7 7 (an +1)7 )

=a; (e +2) (as+2)" " (an+2)" -

—~

— alﬁa2ﬁ Lo (o775

= IdAgw(OthQOég Qv )

As flo = fl1 = (an)n — (an + 1)p, neither f|p nor f|; is in {Id 4<w, f}.

Definition [13] and Example [§] point to what is notable about using an automaton to

obtain a subset of Aut AS¥. We give a name to groups and semigroups generated by the

states of an automaton.

Definition 15. Let A = (A,Q,0,\) be an automaton. Then the semigroup generated by
A, denoted S(A), is the smallest subsemigroup of Aut AS% containing, for each state ¢ € Q,
the map associated to ¢ by Definition [9] If A is invertible, then the group generated by
A, denoted G(A), is the smallest subgroup of Aut AS“ containing the collection of maps
associated with the collection of states Q. By Remark |2} G(A) = G(A™1).

Such a group, or one isomorphic to it, is said to be self-similar. If A is finite-state, then

the group is called an automaton group.

Moore diagrams allow us to easily see the input-output and input-state relationships
of a given state. While one can define products of automata and interpret the products
through Moore diagrams (see Section 1.3 of [13]), it is cumbersome to work with. However,
the next theorem shows that we can use wreath products to write the elements of a self
similar group in a way that provides this same information. This is referred to as wreath

recurston in Section 1.4 of the same source.

Theorem 1. Let A = (A, Q,d,)\) be an invertible automaton. Aut AS* = S, Aut ASY,

s0 G(A) < SxtAut ASY.
15



Proof. Two tree automorphisms f, g € Aut AS® differ if and only if f|A # g|A or fla # gla
for some a € A. Thus it suffices to show that every f € Aut ASY is representable as
(flA, (f|a)aca) and that the multiplications agree. If f, g € Aut AS“ correspond to the same
representation, then f(a) = g(a) forany o € A, and as f(ajag---) = f(a1)” flay(a2---) =

g(a1)7gla, (a2 - -+ ) it follows f = g. Then compute

(fog)laaz )= f(g(araz---))
= f(g9(a1) " gla,(@2---))
= f(g(a1))™ flg(ar)(g(az--+))

= ((f e 9)[A) ()™ (flg(ar) © glas ) (2~ -)

so (fog) corresponds to ((fog)|A, (flg(a)©gla)a), the product of the corresponding elements

in the wreath product. |
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Chapter 3: Lamplighter Groups and Their Generalizations

Thus far we have defined wreath products, automata, and rooted tree automorphisms. We
have seen how invertible automata can be used to generate groups, and how the elements
of these groups can be represented as elements of a wreath product. This chapter begins by
providing the definition for the collection of lamplighter groups. Following this, we establish
presentations and Cayley graphs for the groups. It is interesting that the lamplighter is not
finitely presentable—see [2]. We present an elaboration on the proof from [13] to show
that the traditional lamplighter group Ls is an automaton group. Following [17] and [10],
we show exactly when this result can be generalized. In particular, the lamplighter group
L¢ associated with the finite group G is an automaton group if and only if G is Abelian.
When G is Abelian, Lg is the group generated by the Cayley machine C(G) of G. It is
then natural to ask what group C(G) generates when G is finite non-Abelian. In [17], Silva
and Steinberg show that the resulting group is a semidirect product N x Z, with N locally

finite.

3.1 Presentations of Lamplighter Groups

Definition 16. Let G be a finite group. The lamplighter group associated with G is Lg =

GwrZ = (®2G) %y Z, with ¢ : Z — Aut(®zG) given by (i) = ((gn)nez = (Gn—i)nez)-

The elements of Lg have the form ((gn)nez,?), with g, # 1g for only finitely many
n € Z. The multiplication is ((gn)nez,9)((hn)nez,j) = ((gnhn—i)nez,i + j). If G = Z/mZ
for some m € N4, then Lg is denoted Ly,.

For now, we stay in the context of Ly. For each i € Z, let (6;); € ®z7Z/27Z denote the

list such that d;; equals 1 when ¢ = j and equals 0 otherwise—that is, d;; is the Kronecker

18



delta. Let s = ((do;);,0) and w = (0,1) = ((0,0,...),1), where s stands for “switch” and

w for “walk”. We start with a lemma:

Lemma 3. Let G = (u,v), where v> = 1. Then every element g € G is such that g =

(o) (VM) = (uCtouO) - - - (uCrouT o )u for appropriate o1, ..., 0, € Z.

Proof. As G = (u,v) and v? = 1, it follows that g = u“1v - --u’"v for some #1, ..., ¢, € Z (if

there is no trailing v then ¢, = 0). If we let 0; = Z?:l ¢; and insert (u=%)(u%) after ubiv
for each 1 < j < n, then
g= uto b
= (u"0) (w7 (™) - (w7 (@) (o) (u” ) (u”)
=utou %t - umou” T (un)
= (") (Y o)ulm. [

Theorem 2. The traditional lamplighter group Ls is generated by the elements w and s

under the relations {s2} U {[®")s, @g] : k. ¢ € Z}, where ") s = wksw*.

Proof. First compute

wsw™" = (0,1)((d07)5,0)(0, =1) = ((do,j-1);,0) = ((d1);,0).

By induction, every (d;5);,0) is in (w, s). For every finite list 41, ..., € Z,

((0i1,4)550)((0iy.,5) 5> 0) = ((iy,5 + - -+ + iy ,5)5, 0)

so (®zZ/2Z) x {0} < (w, s). Right multiplying by n = w™ then gives (w,s) = La. As for
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relations, s> = ((do;);,0)((07);,0) = ((d0; + d0;)4,0) = (0,0), and for any k, ¢ € Z,

@5 W5 = ((8))7,0)((8¢5);,0)
= ((Okj +04);,0)

= ((3¢5)5, 0)((dx;);,0)

Thus Lo has the infinite collection of relations s? and {(“’k)s, (wé)s}, where k.0 € Z. It

o (W)

remains to show that this collection is sufficient. Let (*"')s s - w7 € Lo—every

element of Lo has this form by Lemma [3}—and suppose that the product vanishes. Then

¢
(57 0) = (W), (W) ¢ o0 — ((351,7)7:0) = ((804.4)4,0) - (6’ oy) = <Z 5%j) , 00
=1 i

(W) g ... (w7e) (W) g ... (W)

Thus oy = 0, so s s-wo = s. For every 1 < ¢ < £, there must
be some r # ¢ for which o, = o, or else the sum (Zle d0;,j); is nonvanishing. In fact, we
can place the o;’s into pairs (o4,,04,),..., (04, 0r,,) With o4, = 0y, for all 1 <i < m. By

repeated application of the established commutator relations:

W) g (W) g _ ((Mu)s . <w"”>s) ((w%m)s . (w“rm)s) -1 n

More generally, one has

Theorem 3. Let G = (S : R) be a finite group. Then Lg = <w, 5’> with relations

RU { [W“)g, W%E] kL€ Tk#0,51c S},
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where § = {((5%%9);,0) : s € S} and R = {5 -'-Eif‘ s b -'sf" € R}.

Proof. The simplification of “”* 3, - - - “”* 5, must be modified somewhat from what was done
in Theorem [2| Instead of using the commutator relations to pair off o;’s, use them to collect
all 775;’s with equal conjugating element together. Each collection of conjugations with

equal exponent can be rewritten as a single conjugation of a string of §;’s. If the product

vanishes, then this string must belong to R. |

3.2 Cayley Graphs of Lamplighter Groups

For a fixed positive integer ¢ and a group G of order g, there is a node and edge labeling of
the Diestel Leader graph DL(q, q) which makes it a Cayley graph of L under a certain set
of generators. These Diestel Leader graphs arise by tying together two g-regular trees in a

particular fashion. See [4, 18], both of which heavily influence this section.

Definition 17. Let T, denote the (¢ + 1)-regular tree. We identify T, with its vertex set.
The unique path connecting z,y € T, is called a geodesic segment and is denoted zy. The
tree T, is metrized by the graph distance d, which in this case is given by the length of the

segment between two nodes. That is, d(x,y) = length(7y).

Example 9. Figure shows a geodesic segment Ty in a 3-regular tree by highlighting the

edges of the segment red. In the example, d(z,y) = 4.

Definition 18. A geodesic ray is an infinite path in T,. Two rays are equivalent if the
symmetric difference between their ranges is finite, and a class under this relation is called

an end. The representative of the end ¢ starting at « € T, is denoted €.

Example 10. Figure [3.2] shows the beginning of the two geodesic rays ¢ and yz in the
3-regular tree. The edges belonging solely to Te, ye, and both are highlighted red, blue,

and purple (respectively).
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Figure 3.1: The geodesic segment between the nodes x and y from Example [9]
Definition 19. The set of ends of T, is denoted dT, and we define Tq =T, UdT,.

Definition 20. Given a node z € T, and a node or end € € ’ﬁ‘q, the i*" vertex of the path

7€ is denoted (7). Here, z.(0) = x.

Definition 21. Fix 0 € T, and —oco € dT,. The former is referred to as the origin or
root of T,. Let (,e,0,7 € Tq—in particular, it does not matter if they are nodes or ends.

We say v is the (-confluent of ¢ and § if the largest common affix of of e and &6 is vC.
The origin-confluent of € and ¢ is denoted € A 0, and the end-confluent (—oo-confluent) is

denoted € A 6.

There is nothing special about the end —oo compared to any other, but later in this
section we will want to orient two trees in opposing directions, so labeling the ends with

the two signed infinities makes a certain sort of sense.
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Figure 3.2: The geodesic rays T¢ and yé from Example

Example 11. Figure |3.3| shows a tree with labeled ends £, —oo and labeled nodes o, x, vy,

e Ax, 0 Ay. The pairs of paths oz, 0 and o(—o0), y(—o0) are highlighted with contrasting

colors so their overlap is grey.

Remark 3. The (-confluent of € and ¢§ is an end if and only if ¢ = § and ¢,0 are ends

themselves.

Definition 22. Choose a second end ¢ € 9T which is such that o(—o0) and 800 do not

meet except at 0. Thus (—oo)e is a bi-infinite path containing 0. Label every node along
this path with 0, and for each now-labeled-node, label its unlabeled neighbors with indices
1,...,q—1. Then recursively, for every node with unlabeled neighbors, label said neighbors

with 0,...,¢ — 1. With our example 3-regular tree, this might look as in Figure To
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oAy

Figure 3.3: The confluents ¢ A x and o A y from Example

make the process clearer, the nodes are colored, with the colors moving from the inner edge

to the outer edge of the rainbow as the iteration on which they were labeled increases.

Definition 23. The (—oo-) Busemann function b : T, — Z is defined as
h(z) =d(x,z L o) —d(o,x A 0).

The collections H,, = h~[{n}], where n is an integer, are known as (—oo-)horocycles. Figure
reorganizes the 3-regular tree as labeled in Figure so that the elements of a given

horocycle lie upon the same horizontal. Note that h(o) = 0.

Lemma 4. For every z € T, and i € N, the Busemann function h(z_n(i)) of the i*! entry

along the path x(—o0) is given by h(z) — i.
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Figure 3.4: The 3-regular tree, labeled as described in Definition

25



—~

Proof. Let ¢ = x A 0. If 2_o(i) is such that z(—00) = 2(2_o(i)) (2_oo(i))c ¢—00, then

ZT_oo(?) is along the path T¢ and—as otherwise ¢(—o0) would not be the largest common

affix of z(—o0) and 0(—00), it follows x_ (i) A 0 = ¢. Then

d(T_o(i), 2—0o(i) A 0) = d(x_s6(7), )
— length(7e) — length (x(x,oo(z')))

=d(xz,c) —i

and d(0,z_(i) A o) =d(o,x A 0), giving h(z_o0(?)) = b(z) — 1.

—~

If instead x_oo(7) is such that z(—00) = T ¢(2—oo(?)) (T—co(?))(—00), then the path
(- (1))(—00), being an affix of ¢(—00), is the largest common affix of (z_s(7))(—o0) and

0(—00). Thus d(z—0o(7),T—co(i) A 0) = d(X—_00(i), T—00(i)) = 0 and

d(0,7_oo(2) A 0) = d(0,2_00(7))
— length(3€) + length (m) + (length(z) — length(zc))
— length(5¢) — length(ze) + <length(ﬁ) + 1ength<m))
— d(o,x A o) — d(x,x A o) +i
)+,

which gives that

Definition 24. Given a node x of T, in the horocycle h(x), we refer to the ¢ neighbors y
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Figure 3.5: The tree of Figure organized so each row is a horocycle

of x such that h(z) < h(y) as successors of x. As the remaining neighbor z is such that

h(z) > h(y), we refer to z as the predecessor of x.

Definition 25. To each node z in Ty, and so to each ray xz(—o00), associate the leftward

sequence (T_oo(k — H(Z)))r<n()- This places each the label of each node z_o.(i) along

x(—00) at index h(x_ (7)) = b(z) — .

Lemma 5. The association of Definition [25|is a bijection between {m(—oo) 1x € ’]I'q} and

U{®k<n(Z/qZ) : n € Z}.

Proof. Let x,y € T, be distinct. The starting index of z’s sequence is h(z) and the starting
index of y’s is h(y). If x and y do not belong to the same horocycle, then h(x) # h(y) and
thus their sequences are distinct.

Suppose henceforth that = and y do belong to the same horocycle, so h(z) = h(y). By
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Lemma [ there is at most one node representing a given horocycle along a path to —oo.
It follows that at most one of = or y is along 0(—00). Let ¢, =z Ao, let ¢, =y A 0, and
consider Z¢; and yc,, indexed as sub-sequences of their respective leftward sequences.

If z¢; and we, differ in length, then without loss of generality assume
n = length(z¢c,) > length(ye,) > 0.

Then x # ¢, so as ¢, is along o(—00), it follows that 2 cannot be. In particular, x_o,(n—1)
is not labeled with 0 by Definition Every node along c,(—o00) and ¢,(—oo is labeled

with 0, and y_e(n — 1) is along ¢,(—o0), so it follows that the label of y_oo(n — 1) is 0.
Thus the associated infinite leftward sequences differ.

If the sequences T¢; and T¢, agree in length, then d(c,, ) = d(cy, y). As h(x) = b(y), it
follows from Lemma 4| that bh(c,) = h(c,). Both ¢, and ¢, are along 0o(—00), so by Lemma
again we have ¢, = ¢,. Suppose length(Zc;) = n = length(yc,). If the leftward sequences
associated with z and y are to agree, then the label of z_.(n — 1) agrees with that of
Y—oo(n —1). This implies _o(n — 1) = y_oo(n — 1), as there is a single neighbor of ¢, = ¢,
with this label. By finite induction, we may reach the same conclusion about z_(n — 7)
and y_oo(n — i) for each 0 < i < n, giving = y. This concludes the injective portion of
the argument.

To see that the association is onto, we induct on the length of the shortest leftward prefix
of (vg)k<n € U{®r<n(Z/qZ) : n € Z} which contains all nonzero elements in the sequence.
If this length is 0, then the leftward sequence of 0_o,(—n) along e(—oc) is the leftward
sequence starting at index n which is constantly 0.

Suppose that the mapping is onto for the subset of elements of {®r<,(Z/qZ) : n € Z}
with a length n shortest leftward prefix containing all nonzero elements. Then if (vg)r<p €
{®k<n(Z/qZ) : n € Z} is such that this shortest prefix has length n + 1, let z € T, be
associated with (vy)g<n—1. Then as = has a successor with label v, by Definition ﬂ we are
done. |
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Example 12. For each node in Figure [3.5] its associated leftward sequence is given by
tracing the path from the node to the origin 0. The starting index for each sequence is
given by the row on which the node is located, starting from index 0 at the bottom row. It
should be noted that for all of these nodes, the portion of the sequence that is not shown
is constantly 0. This is because the remainder of the associated path is along o(—o0), and

we know from Definition [22] that every node along this path is labeled with a 0.

Note that the Busemann function h thaw we have been utilizing is technically the —oo-
Busemann function. That is,  depends on the end A refers to. In a moment, we will
want to use two Busemann functions that refer to distinct ends simultaneously. To avoid

confusion, we will subscript h by the end it considers.

Definition 26. If b is defined in terms of some end w, we, for each vertex x in T, identify

the path Tw with the leftward sequence associated to x by b.

Definition 27. Let T, and T, be trees with respective roots o4, 0, and respective ends

—00, 00. The Diestel-Leader graph DL(q,r) is given by the vertex set

{(,y) € Tg X Tr : hoo(®) = —boo(y)} = {(#,y) € Ty X Ty : hoo() = Moo (y) — 1}

where my, is the modified Busemann function my(xz) = 1 —bhoo(z). The graph has the edge

{(u,v), (z,y)} if and only if {u,z} and {v,y} are edges in T, and T,, respectively.

Example 13. Figure displays a picture of this jgraph made in Geogebra [11]. Here,
segments of two 4-regular trees, embedded in R?® along perpendicular planes, are col-
ored red and blue. Denote them T, and T,. The tree T; is organized into horocycles
with respect the h_o, Busemann function, while T, is organized into horocycles with
respect to the ho Busemann function. Moreover h_oo(X) = —hoo(C) = m(C) — 1.
The segment of the Diestel-Leader graph DIL(3,3) corresponding to the respective seg-
ments of the two trees is shown in purple. The node corresponding to a particular pair
(z,y) € T, x Ty, that is present in DL(3, 3) is denoted through concatenation—for example,

the node (X,C) € DL(3,3) is labeled XC' in the graph. It should be noted that while
29
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DL(3,3) appears to be acyclic from the segment shown, this is not in fact the case. For
example, the node Y has two successors not shown as Ty is 4-regular. Let us refer to
them as X2 and X3. As h_o(X3) = h_o(X2) = h_oo(X) and h_oo(X) = —hoo(C), it
follows that the pairs (X3,C) and (X2,C) reside in DL(3,3). As {X1,Y}, {X2,Y} are
edges in Ty and {C, D1}, {C, D2} are edges T, in Ty, Ty, and T,, respectively, it follows
that {(X,C),(Y,D1)}{(Y, D1),(X2,0)},{(X2,0),(Y,D2)},{(Y,D2),(X,C)} are edges
in DL(3,3). This cycle is shown and bolded in Figure and in this graph. This graph
shows a highly cyclic segment of DL(2,2). For additional, more comprehensive depictions

of Diestel-Leader graphs, see [6].

Definition 28. In the tree T, of Definition re-index each yo0 so that the entry yoo(7)
is located at index m(yso(7)), its modified Busemann function value. By Lemma [| and
the definition of the Diestel-Leader graph, it follows that the sequences of x and y can be
concatenated in place (without re-indexing) to make a bi-infinite sequence. Once concate-
nated, however, we lose the ability to retrieve the values h_oo(x) and moo(y) = 1 —hoo(y) =
h_oo(z) + 1, as these were stored as the starting indices of the two sequences. To rem-
edy this, we tag the sequence by pairing it with h(x). By Lemma [5| there is a bijective

correspondence between (®7(Z/qZ)) x Z and DL(q, q).

Let G be a group with |G| = ¢. By Definition indexing G by {0,...,q — 1} allows
a bijective correspondence between DL(q, q¢) and L¢g. If we view each vertex of DL(q, q) as
an element of L¢, then the resulting action of Lg on DL(q, q) is transitive and has no fixed
points. If we can find a collection ¢1,...,¢, € L for which the neighbors {vy}; of some
node v € DL(q, q) are all given by ¢; - v for appropriate i, then it follows that DL(g, q) is a
Cayley graph of Lg.
Theorem 4. Fix a positive integer ¢ and let G be an order ¢ group. Then the collection
{(g%v )j X1 € Lg : g € G} generates the lamplighter group L¢, and there is a labeling of
the nodes and edges of the Diestel-Leader graph DL(q, ¢) which makes it the Cayley graph

of Lg under the generating set .

30


https://www.geogebra.org/calculator/tmrua4nj
https://www.geogebra.org/calculator/xchmajqr

|
|
|
|
|
|
|
|
|
‘Neglnf

Figure 3.6: Segments of two 4-regular trees in red and blue and the corresponding segment
of DL(3,3) in purple—see Example
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Figure 3.7: The DL(3,3) graph as presented in Figure with additional nodes and a
bolded cycle as described in Example T3]



Proof. We first show that the collection {(¢%); x 1 € Lg : g € G} generates Lg. Using

—

that (I,1)~! = (I, —1), compute

— —

(5,17 (9795, 1) = (T, =1)((¢")3,1) = ((9°);,0).

As the collection generates the generators used in Theorem [3] it in turn generates L¢.
Identify G with {0,...,¢ — 1} under any bijection, and let @ denote the label of the
vertex a in Ty. Let b x 8 € DL(q, ¢) with h(b) = m. Necessarily, m(5) = m + 1 and b x

corresponds to some tagged sequence

where the top row denotes the indices and the bottom row denotes the entries. If the

successors of b are co, ..., cq—1, then the DL(g, ¢)-neighbors ¢ x o of b x 3 correspond to

oy, m—=1, m, m+1, m+2,
,m-+1

N S ¥
which in L¢ is equal to the product

o, m—=1, m;, m+1, m+2 1\
o o |- (B e));01).
] d? b7 B? d’

If the successors of 3 are 7, . ..,74—1, the DL(g, ¢)-neighbors a x 7 of b x 8 correspond to

., m—=1, m, m+1, m+42,
,m—1

B aa f};kv 61 da
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which in L¢ is equal to the product

o, m—=1, m;, m+1, m+2, TN
o o | - (67 %), 1)
] d? b? B? d’

: -1
as <(b*1’y'k)0j, —1) = ((’}?k_lb)lj, 1) . Thus there is a 1-1 correspondence between the

neighbors of a node in DL(q, ¢) and the generators (and their inverses) chosen for L. W

3.3 The Traditional Lamplighter is an Automaton Group

This proof is an elaboration on the one presented in [13]. The aim is to relate the group
generated by Figure to a group of functions that act on power series in (Z/2Z)[t], and
then to show that this second group is isomorphic to (Z/2Z)wrZ. We begin by recalling

the following lemma:

Lemma (3| Let G = (u,v), where v?2 = 1. Then every element g € G is such

that g = (“"*v) --- (“""v)u~" for appropriate oy, ...,0, € Z.
The group of transforms we aim to use is generated by two functions, namely
(Z/2D)[H] = 22D : F(t) = FO+1,  (Z/22)[] — Z/2D)[] : F#) — 1+ 1) F().
Note that the first function is its own inverse.

Lemma 6. Let ¢, ¢y : (Z/2Z)[t] — (Z/2Z)[t] be given by ¢-(f(t)) = f(¢t) + 1 and
ou(f(t)) = (1 +t)f(t). Then (¢, ¢p) contains the collection

€ = {f(t) = (1+ )" f(¢) —|—ZBS(1 +t)°:n€Z, (Bs)s € EBZ(Z/QZ)}.

SEZL
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Proof. Let ¢ € € be given by

o(f(1) = (L+0)0f (1) +Z (14t)°

Then we can compute

Sf(D) = (L) () + Y (1+1)"
s=1

:(1+t)€5<(1+t)_£5<1+t&’f +Zl+t ) )

5—1
_ (¢i§¢7) ((1 +OPFE) + Y (1+ t)fs> :

s=1

By induction

SF(8) = L+ 1) f() + Y (1 +1)"
s=1

= (% ro 0% o) (LD (1)
= (om0 gr000) (1)

Thus ¢ resides in (¢, ¢p), so (¢r, Pp) contains €. |

To show that the reverse containment holds, As ¢, ¢y € %, it suffices to show that &

is a group under composition. In fact:
Lemma 7. The collection % is isomorphic to (Z/2Z) wr Z.

Proof. There is a 1-1 correspondence between € and @z(Z/2Z) x Z by

(f() (1+8"f()+ Y Bs(1+1) > ((By)s, n).

SEZL
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By Lemma @, € C (¢r, dp), so by Lemma [3| we can write every element of ¢ as a product

‘5 ’
of form ® ¢, 0---0 &' ¢, 0 qﬁio. Critically,

21—¢o

‘5 ¢ fz—¢
%¢TO"'0¢1’1¢>TO¢£0=¢£00% OCZ)TO"'O b Or,

L5 [ ki k
so if ¢ and 1) are in € by ¢ = % ¢TO"'O¢b1¢TO¢£O and ¢ :¢bt¢ro”'o¢bl¢ro¢lgo7 then

~ ks

o= (% gro 0% gogl)o (‘f’b‘@o-‘-o‘f’fl@w’;(’)
_ k;

= (¢£S¢TO"'O¢51¢7) o (¢£0 O¢bt¢7'o"‘ O¢§l¢fo¢lgo>

. k+0,

kz+£g

‘5 0
:¢b¢7_o...o¢bl¢7_o¢bt ¢TO"'

ey +£
o' O¢T o ¢ll;o+k0‘

Let (By)s = S5, (8¢,;); and let (Ag)s = 321 (84, );- Then ¢ is identified with ((By)s, o)
and 1 is identified with ((As)s, ko). The previous computation in tandem with the work of

Lemma [6] shows that

((Bs)sa Z0)((‘48)3, kO) = ((Bs + As—éo)sa g(] + k0)7

s0 (¢r, Pp) is isomorphic to @z(Z/27) x Z = (Z/2Z) wr Z. [

Thus we obtain

Corollary 2. Let ¢, ¢y : (Z/2Z)[t] — (Z/2Z)[t] be given by ¢-(f(t)) = f(¢t) + 1 and
op(f(t)) = (L+t)f(t). Then (¢, dp) = (Z/2Z) wr Z.

We use this to derive the desired theorem:

Theorem 5. The traditional lamplighter group Lo is the group generated by the automaton
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in Figure formally defined to be

Lo=|A={0,1},Q = {a,b}, (2,0) = b ’ (a,2) — (01)z
(@1) = a (byz) — =z

Proof. Let 7 = (01). One should immediately note that b=!, given by some (o, (c,d)) €

S4 0 Aut A= due to Theorem [1| satisfies

bl = (1(7, (b’crgcaa’cnd)) = (17 (IdA>IdA))

Then 1 = 1o = 0, 80 bly, = blo = b and a|,, = aly = a. Thus ¢ =b"! and d = a1, so

7 =ab"! and (a,b) = (7,b).

Identify A with Fo = Z/27. Automata are closed under their transition functions, so if
{&}ien, is a subset of A and n is a positive natural number, then ble,...¢,_, is either a or b.
If

b(§1&2-&n) = &1 (&1 + &) -7 (§n1 + &)

and &, = 0, then bl¢,...e, =, so
b‘él"'gn (§n+1) = b(§n+1) =61 =0+& 1 =8 +&

If instead &, = 1, then b|¢,..¢, = a and

ble g, (Eni1) = a(€nr1) = T(&ny1) = 1+ &n1 = &n + Enpa

Thus the action of b can be written as b(§16283--+) = & (&1 + &) (§&2 + &)™ ---. The
action of 7 can be written as 7(§"x) = (£ + 1) .

Identify (&,)nen € X“ with the formal power series f(t) = > o0 &t in Fa[t]. Under
this identification, 7 maps to ¢, : f(t) — f(t) +1 and b maps to ¢y : f(t) — (1 +t)f(2).
As (P, dp) = (1,b) = (a,b), to show that (Z/27Z) wrZ is generated by A, it suffices to show

that (¢r, ¢p) = (Z/27) wr Z. But this the result of Corollary |
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3.4 When is a Lamplighter Group an Automaton Group?

We have just seen that the traditional lamplighter group Lo is an automaton group. It is

natural to ask if the generalizations can also be generated by automata.

3.4.1 Case 1: Finite Abelian Underlying Group

One might be unsurprised to learn that for any finite cyclic group Z/nZ, the corresponding
lamplighter group L, = (Z/nZ)wrZ is also an automaton group. In fact, given any finite
Abelian group G = (Z/mZ) & --- & (Z/nmZ), we can find a finite state automaton that
generates it.

We start with a generalization of Lemma

Lemma 8. Let G be a group, let H < G, and let a € G be such that G = (H,a). Then
the normal closure ncl(H) equals (*"h : h € H,m € Z) (where " h = a™ha™™), and

G = (ncl(H)){a).

Proof. First, (“*"h:h € H,m € Z) is a subgroup of ncl(H) as {a) < G and ncl(H) = (9h :

heH,geG). Ifhy,...,hy € H and {y,...,4, € Z, then

aelhl...aenhn:a lhl...anhnaan

)

where o; = 23:1 {; for each 7. Similarly,

hgla—én e h;la_zl = (@™ ("R (¢ hfl)

n

(note (*""hy)~" and ®”* (h{') are equal). As every g € G = (H,a) has form hya® - h,a’

for the appropriate hq,...,h, € H and ¢1,---¢, € Z,
(@™ hy - amhp)h(hyta™ - hita ™) = (Tthy - T hy) TR (Tm Rt RTY).

m

Thus ncl(H) < (* h:h e H,m € Z), so equality holds.
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As already noted, every g € G has form g = hia®* - - hpa®» = hy - %" h,a® and so

isin (ncl(H))(a). As ncl(H) and (a) are subgroups of G it follows that (ncl(H)){(a) = G. B

To prove that L¢g is generated by an automaton when G is Abelian, we use a collection
of automata referred to as the Cayley machines. The definition for this collection was given

in Example [7] and is restated here:

Definition 29. Let G be a finite group. Its Cayley Machine, denoted C(G), is the automa-
ton with alphabet G, collection of states G, output function A(g1, g2) = g192, and transition

function 0(g1, g2) = g1g2. In the Moore diagram of C(G), there is an edge between every

pair of nodes, and the edge from the state g1 to the state go has label gflgg | g2. See Figure
for the Cayley machine of the dihedral group Ds.3.

Remark 4. Because the elements of G are already members of a group, § is used refer

to g as an element of Aut GS¥. Using the result of Theorem [I| if G = {g1 = 1,...,9n}
and g € G, then § = (g(+),(g10,---,929)) and §~' = (¢7 (), (4~ -..,gn"")). That
is, on input h € G, the state § € C(G) outputs gh and goes to state g/\h, while the state
g1 € C(G)~! outputs g~'h and goes to state h~1. From this, we can derive the product

that results from left-multiplying an element g from C(G) by an element h=1 from C (@)~

~

hltg= " (G 0 )9, (919, - - -+ Gnd))
— (hYa (o e 1~
=(h"9,(19 G19:---,9n9 919)

= (htg, (ldgzw, . .., Idg=w))
When G is a finite Abelian group, its Cayley machine C(G) generates a group isomorphic
to the lamplighter group Lg = GwrZ. This proof, from [17], relies on a correspondence

between elements of G(C(G)) and transformations of G[t], the collection of power series

with coefficients in G. In this way, it is reminiscent of Theorem [5]
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Lemma 9. Let G be a non-trivial finite Abelian group, and let f(¢t) € G[t]. Then as

functions on G[t] = G*:
L g:f(t) = (g+ f(1)/Q—1).
2. g7 fH) > (1 =0)f() —g.

Proof. Note that Item [2|is a consequence of Item [I|since (§71§)(f(t)) = f(¢). That Item
holds is because § : (gi)ien — (9 + 9o+ -+ + gi)ien and (g + go + - - - + gi)ien corresponds

to Y %0(g+ g0+ -+ g)t' in G[t]. Index g as g = g_1, and compute

[o.¢]
(L —=2)g(f( L=1)) (g+go+--+g)t
1=0

= L—t}j z:%#

j=—1i=35V0
o0 o0 ) o o0 .
=2 > et =) > gt
j=—1i=5V0 Jj=-1i=3jV0
e .
=g+ gt!
=0
=g+ f(1),

where j V 0 = max{j,0}. Dividing by (1 —¢) gives that §(f(t)) = (g9 + f(¢))/(1 —¢t). [ |

([en)

Lemma 10. Let G be a non-trivial finite Abelian group, let a = (0)~!, and let f(¢) € G[t].

Then
1. a™(f(t)) = (1 —t)"f(t) for any n € Z.
2. (ag)(f(1)) = g + F(t) for any g € G.

Proof. Item [1]is by repeated applications of Item [I] and Item [2] of Lemma [9, and Item 2] is

because ag = g(Idgw, . ..,Idgw) by Remark |
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Corollary 3. A finite group G imbeds in the group generated by its Caylely machine
G(C(G)) by the map g — ag, and G(C(G)) = (G, a) under the imbedding.

Proof. Let ¢ : G[t] — G[t] be given by ¢(f(t)) = g1 + f(t), and let ¢ : G[t] — G[t] be
given by (f(t)) = g2 + f(t). If ¢ =1, then if 0 denotes the constant 0 function it follows

g1+ 0= go + 0, so g1 = g2. Therefore g — ag is an injection by Lemma This injection

is a homomorphism as

(f@) = g1+F(@)o(f(t) = g2+ (1)) = (f () = (91+(g92+F (1)) = (f () = (g1+92)+ [ (1))-

Index G so that G = {g1,...,9n}. As aj = (¢9,1dg=<w,...,Idg<w)) and a=' = 0

1

(0,(q19,---,9n9)), it follows g = aga™", so every generator from C(G) is in (G, a). [

Lemma 11. Let G be a non-trivial finite Abelian group, let a = (0)~!, and let f(t) € G[t].

Then (“"§)(f(t)) = g(1 —t)" + f(t) for any g € G and n € Z.

Proof. Compute (" §)(f(t)) = (a”g)(f(t)/(1=)") = g+ f()/(1=t)" = g(1-t)"+ f(t). W

Corollary 4. Let G be a finite Abelian group, embedded in the group generated by its

Cayley machine G(C(G)). Then ncl(G) = (*"§: g € G,m € N) is isomorphic to &zG

Proof. The isomorphism is given by mapping " § = f(t) = g(1—t)"+f(t) to (g0m;)jcz. M
Thus we arrive at

Theorem 6. Let G be a non-trivial finite Abelian group. Then G(C(G)) = G wr Z.

Proof. By Corollary 3| and Lemma [8, we have that G(C(G)) = (nclG)(a). By Item [I| of
Lemma [10] the order of a is infinite, so by Corollary [4] we can write G(C(G)) = (®zG)Z. As

every element of @7zG has finite order, it follows G(C(G)) = (6zG) X Z = G wr Z. [ |
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3.4.2 Case 2: Finite Non-Abelian Underlying Group

Given the result of Section [3.4.1] it is somewhat surprising that if G is non-Abelian, then
GwrZ is not even a self-similar group. The proofs given here—save Theorem [8—are ex-
tracted and adapted from [10], and the line of reasoning is suggested by [19].

The proof begins with two rather computational lemmas from [10].
Lemma 12. If G is a group, then ©z[G, G| = [®zG, ®zG| and
([ h]%9); = [(g77);, (h%);).
Proof. Let g,h € G and let i € Z. Then
(lg: h*9); = ((g7'h " gh)™);
= (g*% B9 g% pdis );j
= (g7%);(h%5)5(g%) 5 (h%);
= (¢%9); 1 (1%9); (g% (1),
= [(g"9);, ()]
Thus the sets {([g, h]%); : g,h € G,i € Z} and {[(¢%¥);, (h%9);] : g,h € G,i € Z} are equal.

As these collections generate @z[G, G| and [®zG, ®7G], respectively, it follows that they

are equal. |

Lemma 13. Let G be a group and let N <G wr Z intersect non-trivially with Z < G wrZ.

Then [@ZG, @ZG] < N.

Proof. By Lemmait suffices to show that ([g, h]%); € N holds for all g, h € G and i € Z.

Let n € (NNZ)— {0}. Then (=™)((g%);) is congruent to (¢%#); modulo N as



is in N. From this it follows that ((*")((g‘sij)j))*1 is congruent to ((¢%);)~! modulo N.

Lastly, as every element of ®zG is congruent to itself modulo N, we can compose the

congruences to compute

(g5, (n8)5) = () (g0);) - ((B);) - (g, - (),

(((g")) =" - (h%9);) 7" - (9°9); - (h%9);) (mod N)
= [(g"7);. (h%9);].
A (19, 1]9); = [(g%);, (h9);] by Lemma [, we have
(lg, 1)%9); = [T ((9%9))), (¢°7);]  (mod N).

As [0 (gh);, (hO);] = [(g%+n0);, (hS),] = 1, it follows ([g,h]%); is congruent to 1

modulo NV and so is in N. |
Theorem 7. If GwrZ is residually finite, then G is Abelian.

Proof. Suppose G is not Abelian, so [G,G]| — {1} is non empty. If g resides in [G,G] — {1},
then (¢%); is in (@z][G,G]) — {1}. Since GwrZ is residually finite, there is a normal
subgroup N of GwrZ for which (GwrZ)/N is finite and (¢%); is not in N. By Lemma
the intersection N N Z must be trivial so, Z is isomorphic to NZ/N. But this is a

contradiction—as NZ/N is a subgroup of (G wrZ)/N, it would then follow that Z is finite.

It is immediate from this theorem that if G is non-Abelian, then G wrZ is not resid-
ually finite. The next theorem gives that all groups generated by invertible automata are

residually finite.

Theorem 8. If A = (A,Q, )\, ) is an invertible automaton (not necessarily finite-state),

then G(A) is residually finite.
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Proof. For each n € N, let Stabg(4)(A") = {g € G(A) : Vv € A"(g(v) = v)}. Fixn € N,
take g € Stabg(4)(A"), take h € G(A), and take v € A". As |h(v)| is in A" it follows that
(hgh™")(v) = v. Thus the every Stabg(4)(A™) is a normal subgroup of G. Any element
within the intersection (), .y Stabg(4)(A™) must fix every A", so the intersection is the
trivial group.

Fix g, h € G(A). If g(Stabg(4)(A™)) = h(Stabg(4)(A™)) then h~'g € Stabg(4)(A™) and
h(v) = g(v) for all v € A™. Each coset of G(A)/Stabg(4)(A") can therefore be identified

with a distinct permutation in Syn. As San is a finite collection, it follows that the quotient

G(A)/ Stabg4)(A") is finite, so G(A) is residually finite. [
With this, we reach the following conclusion:

Corollary 5. If G is non-Abelian, then G wr Z is not self similar.

3.5 The Group Structure of Cayley Machines

It was determined in Section[3.4.1]that when G is a finite Abelian group, the group generated
by its Cayley machine C(G) is isomorphic to G wr Z. When G is a finite non-Abelian group,
however, L¢ is not self-similar, as was determined in Section [3.4.2] It is natural to then ask
what the group structure of G(C(G)) is in this finite non-Abelian case. The results given

here are also found in [17].

Definition 30. Let A = (Q, A,0,\) be an automaton. A letter o € A is said to be a reset
if there is p € @ for which 6(q,a) = p for all ¢ € Q. If every a € A is a reset (potentially

to distinct states of A) then A is said to be a reset automaton.
Example 14. The automaton that generates Ly is a reset automaton. See Figure |1.2

Definition 31. Let A = (Q, A, 0, \) be a reset automaton. Then Q|, denotes the common
state |, where ¢ € Q and o € A. For every g € @, the function Q|,(.) is called ¢’s modified

state function.
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Example 15. The states of the automaton in Figure are denoted a and b. The modified
state function of a is
0 :Qlyo)=Ql=a

1L 2 Qlaqy =Qlo =0

Qla(y =

and the modified state function of b is

0 Qo) =Qlo=0b

L Qo =Qh=a

Qly(y =

Definition 32. Let f € Aut A¥, where A is a finite set. Then the depth of f is the least n
for which f(u™v) = f(u)”v whenever u € A” and v € A“. If no such n exists, we say that

the depth of f is infinite.

Remark 5. If A= (Q, 4,0, ) is an invertible reset automaton with A = {a;}1<i<n, then

q= )‘q(Q|a1a ceey Q‘an)‘

We assume the following;:

(Theorem Let A= (Q, A, J, \) be an invertible reset automaton with more
than one state and every modified state function distinct. Then S(A) is a free

semigroup on Q.

It is proved in [17]. The proof is also provided in Appendix [A] We also recall Lemma

which sees use in this section:

(Lemma Let G be a group, let H < G, and let a € G be such that G = (H, a).

Then the normal closure ncl(H) is (*"h: h € H,m € Z) and G = (ncl(H)){a).

Lemma 14. Let A = (Q, A, 0, \) be an invertible reset automaton. Suppose A = {«;}1<i<n,
and let p,q € @) be states of the automaton, not necessarily distinct. If f € Aut A“ has

depth m, then pfg~!' has depth at most m + 1.
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Proof. As A is a reset automaton, ¢ = A\(Qlay;---,Qla,) and p = A\p(Qlay,- -, Qlay)- If

the depth of f is 0, then f =Ida(Id<w,...,Id <u), so

PFa = X (@lars -+ Qla) 1da(ld gz, - Tdge) A QU A s+ Qo)
= 0 Qlags -+ Qla,) - A;1<Q|;}l(al), , .,Q\;}l(an))
= 092 (@100 @y @la e @l )
= (ApA; D (Idyse, ..., Tdy<0)

has depth at most 1. Let m € N and suppose pfq~! has depth at most ¢+ 1 whenever f has
depth ¢, for all £ < m. Then if f = A¢(flay,--- fla,) has depth m, each f|, has depth at

most m — 1, so each Q’f(ai)f’qfl(ai)Q’E} has depth at most m by the induction hypothesis.
Thus
pfq_l = ()‘q/\f/\;l) (Q’f(ou)f’q(oq)@’;lla ce 7Q‘f(an)f‘q(an)Q‘;i)

has depth at most m + 1. [ |

This lemma is used to derive

Theorem 9. Let A = (Q, A,0,\) be an invertible reset automaton with A = {a;}i1<i<n,

and let p € @ be a state. Then there is a subgroup L of G(A) such that
1. L < Sy,
2. G(A) = (L, p) = ncl(L)(p), and

3. ncl(L) is locally finite.
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Proof. Let L = (pg~! : ¢ € Q). Then as

Pa™ = @y Qla) A (@l oy > Q)
- - -1
= ()‘PAq 1) <Q|q—1(o¢1)Q‘q—11(a1)’ B Q’q—l(an)Q|q—1(an)>

= AN,

is in Sy, it follows that L < S4. Also, every state ¢ € @ is in (L,p) by ¢ = ()\q)\;l)p, SO
Lemma [8 gives that G(.A) = ncl(L)(p).

Fix s € N (not in Z). As {(Idg<w,...,Idy<o) has depth 1 for each ¢ € L, every
element 9°¢ has depth at most s + 1 by Lemma [14] and induction on s. Thus the subgroup

M = (P"¢: (€ L,s € N) is generated by finite depth elements. But to be invertible of depth

s means to imbed in some Aut A% < S4s, a finite collection, so for any mq, ..., mi € M with
maximum depth s, it follows (mq,...,my) is finite. Suppose nq,...,n, € ncl(L) by n; =
PPy P lit,, where s;1, . .., sit, € Z. If we choose s; € Z so that s; > —min{s;1, ..., i, }
holds, then
S; - nSi Sit; e S;1+5; sit; T5q
Py = pt (P gy Py )p S = P P

In particular, the conjugate is in M. Letting s = max{si,..., s}, it follows P (nq,...,ng)
is a subgroup of M. As (nq,...,n) is isomorphic to ?"(ny, ..., ny), it is finite. Thus ncl(G)
is locally finite. |

Corollary 6. If A = (Q, A, 0, \) is an invertible reset automaton and some ¢ € @ is infinite

order, then there is G < G(A) for which G(A) = ncl(G) % (q).

Proof. As nclG is locally finite and every ¢* is infinite, ncl(G) N (g) = {1}. Thus G(A) =

ncl(G)(g) = ncl(G) % (¢) by Lemma [} [

As in Section because the elements of G are already members of a group, ¢ is used

refer to g as an element of Aut GS¥.
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Theorem 10. Let G be a non-trivial finite group

1. C(G)~1, the inverse automaton of the Cayley machine of G, is a reduced reset au-

tomaton with the resets going to distinct states.

2. S(C(G)), the semigroup generated by the Cayley machine of G, is a free semigroup on

{9:9€G}

3. G(C(Q)), the group generated by the Cayley machine of G, equals N x Z where N is

locally finite.

Proof. By Definition we have that §~'|, = h~! and §~'(h) = gh for each g,h € G. Tt
follows that C(G)~" is reset, as on input h, every state of C(G)~" goes to state b1, It is
also reduced, as §~'(h) = gh # gk = ¢~ '(k) unless h = k. This proves Item

Theorem [11] gives that S(C(G)™1!) is free on {§~' : g € G}, so then S(C(Q)) is free on
{9 : g € G}—otherwise we could carry the relations on the §’s over to their inverses. As

S(C(G)71) is free on {g~ ! : g € G}, it follows each ¢~! is infinite order. This proves Item

By Item [I] and Corollary [6] we have that
G —1y _ S —1N—1 a1 j—1 —1 _[/a-1j .
@™ =na(g (") g e G >><Z_<g h.g,h€G>mZ.

Local finiteness follows from Theorem @ As G(C(G)) = G(C(G)™1), this shows Item [

Lastly, it is worth mentioning the paper [19] by Ning Yang. Here, the author finds
the presentation of G(C(G)) when G is 2-step nilpotent with all squares central. They
further demonstrate that G(C(G)) belongs, in this case, to a class of groups known as cross-
wired lamplighters. Cross-wired lamplighter groups are brought about by looking at certain

subgroups of isometries of Diestel-Leader graphs [4], |18, 5, [12].
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Appendix A: A Theorem of Silva and Steinberg

In Section [3.5] it was stated that Theorem [10] relied on the following result:

(Theorem If A=(Q,A,d,)\) is an invertible reset automaton with more
than state and with distinct modified state functions, then S(.A) is a free semi-

group on Q C Aut AS,

Thus when G is a finite Abelian group, the lamplighter group Lg has non-trivial relations
and nevertheless contains a free semigroup. This result is presented here. It and Theorem [f]
are originally from [17], which includes along with these two theorems a wealth of discussion

and results that build atop them.

Lemma 15. Let A= (Q, 4,5, \) be a reset automaton. Then

glar---an) = q(a1)” Qlay(@2)™ -7 Qlay 1 ()

In particular, if we denote g(aq - - ay) = 1 -+ Bn, then each §; only depends on «;_1 and

«;, unless ¢ = 1, in which case 1 depends solely on gq.

Proof. If n = 1 then this is immediate, and if n = 2 then ¢lo, = Q|a, as A is reset. If it

holds for all m < n, then as qla,.a, = (¢ar-an_1)|lan = Qla,, it follows that

qlog - ant1) = qlar - an) " qlagan (@nt1) = ¢(a1) " Qlay (a2) ™ -+ Qla, (ant1)-

The result can be generalized:

Lemma 16. Let A = (A4,Q,5,)\) be a reset automaton, let ¢V, ..., ¢"™ € @, and let

i, ...,an, € A If (q(m) . --q(l))(al co-ay) = B, Br and i@ > m, then (; depends solely

on o_m, - ,a;. Moreover, a; — [3; is a permutation.
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Proof. Lemma |15 and its commentary give the base case for any n and ¢. If we assume that

the statement holds up to some m € N, then if

(@ Vg™ gD (g o) = ¢TI B Br) =

and ¢ > m+ 1 > 1, it follows from the base case that +; depends solely on £; and ;1 and
that the function ; — ~; is a permutation. From the inductive case, §; and [5;—1 depend
respectively on oy, ..., q; and Qi (mg1)s - -+ s Qi1 and «; — f; is a permutation. Thus

7v; depends on &;_(;,41), - - -, @, and «; — y; is a permutation. |

Lemma 17. Let | X| > 2 and let = be a congruence on X <“ such that if u = v and |u| = |v|,
then v = v. Then = is the trivial congruence, meaning u = v if and only if u = v for every
u,v € A<V,

Proof. Suppose = is not the trivial congruence and let © = v despite u # v. Let w be the
largest common prefix of u and v. That is, w = max{w € X<¥ : w < u,w < v}, where the
maximum is with respect to A<“’s ordering (see Definition . Let z,y € A<¥ be such that
v =w"z and v = w"y. Then neither x £ y nor y £ =z, and in fact if z = & - &, and
Y =11 Nm, then & # m, so x7y # y " z. But w = w, so as = is a congruence it follows
x =y, or else u Zv. Thus 7y =y~ . Therefore, if = is not the trivial congruence, then

there are congruent words of equal length that are nonetheless distinct. |

Theorem 11. If A = (Q, A,0, ) is an invertible reset automaton with more than state

and with distinct modified state functions, then S(A) is a free semigroup on Q C Aut AS¥.

Proof. For any distinct p,q € Q, since Q,(.) # Qlqg(.) there is a € A such that Ql,) #
Qlg(a)- Thus p(ar) # q(e), so the states are distinct as functions on Aut A< (in fact they

are distinct as functions on S4). The automaton A is therefore reduced, and it makes sense

to view @ as a subset of Aut ASY.

Let = be the congruence relation on Q<% given by u = v if and only if v and v are

equal as functions in Aut A<¥. Suppose for contradiction that S(.A) is not free on Q—that
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is, = is not the trivial congruence relation. Then by Lemma [17|there are pM o pM™ e
and ¢V, ..., ¢ e Q such that p@™ ... p() and ¢ ... ¢ are distinct as words in Q<,
yet p ...pM) = ¢ ... (M In particular, p® # ¢ for some i. As S(A) imbeds in
G(A), it follows that S(A) is cancellative, so without loss of generality we may assume
pM £ ¢W. Let aq,...,a, € A; denote (p(i)--'p(l))(al-'-an) = Bit11- - Bit1,n and

(q(i) e q(l))(al C Q) = Vig1,1 0 Yieln. We utilize the following lemma:

Lemma 18. For all i > 1, one can choose a; - - a; such that Qlg,,, ; # Qly,, -

Proof. Since the modified state functions of A are all distinct, it follows fo1 = p(l)(oq) #+

¢V (1) = y21 for some a1 € A, s0 Q|g,, = Qlp(ay) # Qlg)(ay) = @yz1- Suppose that
ai1,...,q; have been chosen such that Q|g, ;. # Q|,,,,; for every j < i. Then as the

modified state functions of A are all distinct, there is o € A for which Qg ) +
Ql(Qlyyyy 4 (a))- Note that Sipo i1 = Qlgy ;(Bitri+1) and yivoit1 = Qlyyy; (Yitriv1) by

Lemma and by Lemma Bit1,i+1 = Yi+1,i+1 (as these are from applying pl) . p)
and ¢ ... ¢, respectively). The map «; 1 — Bit+1,+1 is a permutation by Lemma (16| as

well. In particular, o; 11 can be chosen such that 311,41 = @ = 7;41,i+1. Thus Q|;8i+2,i+1 =

Q|Q|B¢+1,¢(Bi+1,i+1) 7 Q’Q‘Wi+17i(7i+1,i+1) = Q|%‘+2,i+1 u

Since Qg4 # Qlyni1., and A is a reset automaton, it follows that B,11n 7 Ynt1,n, 50
p(n) . p(l) (al e an) 7§ q(n) e q(l) (al e an) Thus p(n) . p(l) and q(n) e q(l) are distinct
functions, contradicting their equivalence under the congruence. |

Corollary 7. If A = (Q,A,d,\) is a reduced reset automaton with its resets to distinct

states and |A| > 1, then S(A) is a free semigroup on Q C Aut AS“.

Every ), is invertible, or else there are o, f € A with A\j(a) = A\;(3). As every state is
distinct (A is reduced) and A is reset, it follows every A,—so every modified state function—

is distinct. ]

o1
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