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Motivation

@ This project examines the stability of a population in a habitat
undergoing changes in size due to perturbations, such as climate
change and human intervention.

@ From our population dynamics model, we found that a population
needs a minimum habitat size to remain stable. Outside this patch,
the population dies off, but inside, it remains stable and survives,
which is known as a standing wave problem.

@ We are trying to find a critical length, such that when the habitat is
larger than this size, the habitat is stable. We have proven in this
project that the critical length exists given certain initial population
parameters.
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_________________________________________________
Model
In order to model these population dynamics, we use the following
nonlinear RDE (Reaction-Diffusion Equation) in one spatial dimension:

us = Duyyx + f(u, H(x)), (%)

with an Allee growth term

f(u, H(x)) = =Bu+ AH(x)u? - yu®

where

* . L
H(x) = h* e R, |f|x|£.§
0, otherwise

with constant diffusion coefficient D > 0 and boundary conditions

lim wu(x,t)=0.

X—>+00
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Model

This model accounts for the limited resources in a large population density
and for under-crowding at lower population density. We investigate
steady-state solutions (where u; = 0) with parameters:

/8207 ’7207 )\:]-a
D=1, h =1

Hence, we obtain the following ODEs for being "inside" and "outside" the
habitat:

{uxx—ﬁu+u2—'yu320, if|x]£%

Uxx — BU — 7u3 =0, otherwise
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Model

With the use of reduction of order, we obtain two first-order systems:

Inside habitat: Outside habitat:
Ux =V Uy =V
Vx = Bu— A u? +yud vy = Bu +yud

The inside and outside habitat ODEs are Hamiltonian, so we can use the
energy landscape of the Hamiltonian systems to determine a critical length
L* of the habitat, under which the population collapses. This energy
landscape give us a path to proving our main theorem on the existence of L.
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Dynamics

Using integration, we obtain the following Hamiltonian functions from the
inside and outside habitat systems, respectively:

2 2 3 4 _
E(uv)= LB 0 ARy VTP
2 2 3 4 2y
2 2 4
Ey(u,v) = L - B v 0<u< Y3k

where we find that the bounds for the inside Hamiltonian function must
satisfy

3 4 2y
with parameters satisfying 0 < v < %, which determine the admissible
trajectories in the phase space we are studying. That is, the admissible

trajectories are over the domain

{ueR+|2‘2— \W<u<1+7 \/;_476,0<7<%}
v v

2 3 4 Y
0<k<_ﬂ7u+u_’yu u:w7
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Dynamics

With the general formulation and its parameter restrictions, we can obtain

an L-value, which is the length of the inside habitat in our ideal path of the
habitat.

Figure: (a) Figure: (b)

Graphs of both the inside and outside habitat with (a) all the level curves
superimposed together. The ideal path (b) of the habitat is created based on
where the two habitats meet. Both graphs used parameters of =1 and v = 1—16.
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-
Existence of the critical length L

Before obtaining a value for L, we must relate L to some initial condition
ug, which starts on the outside habitat level curve. To formulate L(ug) for
a given initial condition ug, we integrate the system,

du

> (1)
& = (u H) )

with initial conditions (u(0),v(0)) = (uo, vo), where vo = \/Bu3 + %
corresponds to the outside habitat energy level Ep(ug, vo) = 0. The total
length L is determined by the time it takes to flow along the ideal path of
the habitat. By proving L exists, we guarantee the connection between our
habitats.
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-
Existence of the critical length L

From the inside habitat Hamiltonian and using separation of variables with
constant k (dependent on choice of ug), we derive the length formula:

u1(uo) 1
L(uo) = 2[ dr
to \/57'2— %7’3+ %77’4+2k(u0)

This formulation paves the way for proving our main theorem.
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Theorem

Theorem (Habitat Collapse Criterion)

Consider the the reaction-diffusion equation with u: € x [0,00) — [0, 00)
and parameters 3 >0, h* = A =1, and v satisfying 0 < 7 < %. Let
L:(0,u;) — (0,00). Then there exists a critical length L* > 0 such that if

L > L*, then the habitat has exactly two steady-state pulse solutions;
otherwise, there are zero for L < L*.

MEGL - GMU

Critical Habitat Thresholds: Phase Plane Spring 2025



Theorem

To prove the existence of a critical length L* > 0, we must satisfy three
conditions:

(1) limygyo L(ug) = o0
(2) |imu1(u0)TU+ L(ul(uo)) =00
(3) L"(up) >0 for all ug e (0,u,)

We will go through the highlights of the proof (see write-up for more
details).

*Note here that u+ is the maximum fixed point value for the inside Hamiltonian system,

1+y/1-4+8

ie. uy = %
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E———
(l) Iimqu L(Uo) =00
From the integrand, we can find the lower bound for

1

)
\/672 T3+ T4+2U8

Since our bounds of integration are from ug to ui(up), then ug <7 < uy,
which means

1
> :
\/BT2—%T3+%T4+I<(UO) T\/B+%u%

Next, integrating both sides from wug to u;(up) we get

/‘u1(uo) 1 dr> ful(UO) 1 d
T> T
uo \/57.2_%7.3+%7.4+k(u()) uo /B + 3u1(ug)?
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_____________________________________________________
(l) Iimqu L(Uo) = 0

We notice that the right of our inequality goes to oo as ug | 0.
With that, since

uz (uo) 1 t(uo) 1
/ dr > f ~ 2d7_a
w \JBrEoEriirtek(w) e VB u(w)

then
/U1(Uo) 1 d
T — 0
Uo \/572 - %7’3 + 274 + k(o)

as up — 0. This proves condition (1).
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e
(2) |imU1(UO)TU+ L(u1(up)) = oo

To prove this condition, we will use the change of variables 7 = u; — 5% and
_ 2 2_2 23,7 2\
F(s) = Blur =s7)" = 2 (= 7)7 + o (u = s7)" + 2k(wo).

When reduced using our previous equations and letting s approach u,, we
get
f(s) ~ (=2B8uy +2u2 - 2yud)s.

We can then integrate this, letting so = \/u1 — ug, s1 =+/u1 — u1 =0 and
dT = —2sds. We then obtain

250

s1 -2
———=ds = .
/So Vf(s) V-2Bup +2u2 = 2yu3

As you take the limit of this integral as ui(ug) 1 vy, the denominator
approaches 0. Thus, lim,+y, L(ui(ug)) = oo, proving condition (2).
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_________________________________________________
(3) L"(up) >0 for all ug e (0,u,)

For condition (3), we establish that L(ug) is well-defined on (0, u;). Using
a change of variables 7 = u; — s, we can rewrite

0 2
L(u =2[ ——C _ds,
B ANO
where f(s) = B(uy —s?)? - %(ul -2+ L (u - 52)* + k(up). Following a

similar argument to the previous conditions, we show f(s) does not vanish
when u1 # u,.
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_________________________________________________
(3) L"(up) >0 for all ug e (0,u,)

Let us now define the function from the denominator on the length
function integrand as

2
V(u,uo):5u2—§u3+%u4+k(uo). (3)
The partial derivative

oV ok 5 3

ad = 2 =202 - 2Bug -2 4

auo(u’ UO) 8“0 uO /Bu0 7“0 ( )
changes signs exactly once in (0, u,), at g splitting it into two regions.
We define g to be the maximum of the cubic Allee growth model, which
changes depending on ~, 3, and ug.
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Region 1: 0 < up <

In this region, 66—;‘0 <0, Fixing u, as up increases k(ug) , V(u,up)
decreases. Consider the function g(up) = \/ﬁ for fixed u. Since

V/(u, up) is decreasing, g(up) increases. Computing the second derivative
of g:

2 22V

d2g 3((9”0) 8u§

du ~ 4vs2 V32 ®)

The first term is always positive. For small ug, 8 2 =4uy-28 - 6”yu(2, is

negative, making the second term positive as well, Thus, g(up) is strictly
convex. As ug increases, the integrand increases pointwise while the
domain of integration shrinks. These combined effects ensure that L'(ug) is
strictly increasing in this region.
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Region 2: dy < up < u,

In this region, 25 >0, so V(u, ug) increases as up increases for fixed u.
Oug
Using the change of variables u = uy(ug) — s, the integral transforms to:

4
L(up) ~ v u1(uo) — uo (6)
V18% (u1(w0), uo)|

As ug approaches u,, %—‘:(ul(uo), up) approaches zero at a quadratic rate,
while \/u1(up) — ug approaches zero at only a square root rate. This
asymptotic behavior ensures that L”(up) > 0 throughout Region 2.

Since L(up) is strictly convex in both regions, and the second derivative is
continuous across the boundary point gy , we conclude that L(up) is
strictly convex on the entire interval (0, u,).
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Numerical Computation

To systematically explore the relationship between ug and L(ug), we
implement a pseudo-arclength continuation method that allows us to trace
the full L(up) curve efficiently, even near turning points where standard
continuation (such as Newton's method) might fail.

0.5 0.55 0.6 0.65

0.7
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Numerical Computation

Mathematically, if (ug, L) is the current solution point with tangent vector
tx = (ty, t.), the predictor step gives:

”/(ﬁ)l =ux+As-t, (7)
1O -1, +As-1 (8)

where As is the arclength step size. The corrector iterations then solve:

F(u,L)=0 (9)
(u-uO)t,+ (L- L)t - As=0 (10)

where F(u,L) = L— L(u) represents the constraint that L must equal the
computed integration time L£(u) for the trajectory starting at wu.
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Numerical Computation

We used MATLAB's ODE solver, odes15s, using very small tolerances
(RelTol = 10712, AbsTol = 1071#). This ensures that obtain we solutions
that are very accurate.

The Jacobian for Newton's method is approximated using finite differences:

oL L(u+du)-L(u)
du du (11)
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Numerical Computation

The critical length L* corresponds to the global minimum of the L(up)

curve. The steps to calculate the minimum length is as follows.
© Computing the L(up) curve across a wide range of ug values
@ Locating the turning points where j—uLO =0

© Identifying the global minimum among these turning points
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Numerical Computation

Figure: Bifurcation diagram of habitat

. . Figure: Phase plane trajectories
length L versus initial condition ug & P )
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Numerical Computation

Figure: Spatial profiles of the population
Figure: Habitat function profiles density using a smoothed out Habitat
function
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_____________________________________________________
Conclusion/Future Work

@ Show that our length function implies two standing waves in the
system —one stable and one unstable —and further investigate the
unstable wave.

@ Continuing past the steady-state of the RDE, exploring the traveling

wave problem will be helpful in understanding the Allee effect in
greater detail.
e Studying the traveling wave problem is done by adopting a
moving-frame coordinate system, redefining the habitat function as
H(x - ct) with speed c. To do this, we would use similar methods to
find a critical speed c*
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