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Introduction | | A nice example Classification up to Word Length 4
Th.e purpose of this pI’OJ.eCt was to ex.plc.>re SII_QC character Commutator Word Commutator Word Word Length 2
varieties. Loosely speaking, these varieties arise from looking at Let T = (a, b\aba_lb_1> ~ 7 & 7. The SL,C character| Alternatively, we can find the character variety of Z & Z Word Y
matrix representations of homomorphisms into SL,C from some variety of [ is C* x (C*/Zg. by finding the simultaneous zeros of the polynomials. a3 C+C
group. If T is some group, one could ask what is the SL,C — The real part of this variety is depicted below. ob "
character variety of ['? The purpose of this project was precisely Recall that the character variety of Z & Z is in one to | ar-1lani-11 C+C
to answer this question for low complexity groups. We one correspondence with the collection of matrices — b -11ba-1) C+C
completely answered the question in the case that I is cyclic, and (A, B) where AB = BA. It is known that such matrices Others c
we provided answers in some other cases. ) are simultaneously upper-triagonalizable, so up to
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group. The SLyC character variety is the quotient 0 % "\ 0 % Ref
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_Lemma (As collection of matrices) A\ X1 A Xo 1 y y 1 Character varieties of finitely presented
: : K | — (A, 1) €C” xC : :
T'he character variety can be represented as closed equivalence 0 + 0 + \ groups,2017, Geometriae Dedicata
classes of homomcz\r/ph:sms from I into SL»(C), that is up to the identification of (A, 1) ~ (1, A) giving the o WiIIiam Goldman, Tra!ce coordinates on Fricke spaces of
Hom(I',SL,C)//~= {Ay, ..., A, € SL(C)|R = 1,..., R, = |} desired result some simple hyperbolic surfaces, 2009, Handbook of
Where each word R; corresponds to a word in the generators and | Figure: Real part of Z @ 7Z character variety Teichmuller Theory
requires that the corresponding word in the matrices Ay, ..., A,
equals the identity matrix |I. This perspective adds a concrete SL,C Character Variety of Z,
way to study the structure of [ using both algebra and geometry., | et [ = 7Z,. With some work, we were able to conclude the following about the SL,C character variety of T
Lemma (As polynomials) @ The number of points in the character variety is always finite. In particular, the number is given by |5 | + 1
T'he character variety can also be represented as polynomials © The recursively defined polynomials defining the character variety are given explictly by
using the Cayley-Hamilton theorem which states that f(t) = Z@ (_1)k[("—k) 4 (n—k—l)' gn—2k
n k=1 k n—2k /.

A> — tr(A)A+ | = 0 and, since traces are invariant under
conjugation, we can use these to describe the character variety.
The relations Ry, ..., R, translate into polynomial equations in
terms of traces, which are tr(R;) — tr(l) = 0. By using both the
Cayley-Hamilton theorem and the polynomials induced by the
relations of [, the character variety can be described as a solution Let [ = (a, b|a"). Then The SL,C character variety of | Example

@ The character variety is given by {ZX|k € Z}.

Two generators one relation

set of polynomial equations in the traces of matrices - N , | Let I = (a, b|a®). Then the polynomials defining the
corresponding to the group generators. is given by C L. LI C” where N = |3 + 1 when n is character variety are
i=1 A(x,y,z) = x> —3x —2,6(x,y,z) = x* — 4x* — x + 2

2

N
> _ . and f3(x,y,z) = zx* — z — xy — y. The common zeros
odd, and € LE H C* where N = 5] +1 when n is of these are (—1,y,z) and (2,y,y) for any y,z € C.

even. | Thus the character variety is in bijective correspondence

with C LI C?.




