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e
The Stommel Model
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The Stommel Model
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The Stommel System

A 4-Dimensional System:
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The Stommel System

Nondimensional equations:
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The Stommel System

Nondimensional equations:
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Periodic Solutions in the Stommel Model

Periodic Solutions in the Stommel Model

Applying Bendixson Dulac Theorem to construct a C! dulac function
*(T;S) such that the expression:

BCf) , 0C9)
oT  6s

Has the same sign everywhere (# 0)

It is worth noting that in our current climate, T;S =0 but the proof
provided can easily be carried through for (T;S) [R? using the same
arguments.

Thus we have this theorem:

Theorem
For T;S =0, the Stommel model has no periodic solutions.
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Periodic Solutions in the Stommel Model

The Stommel system can be represented by

f°T:Se ‘Z—I . T°1 § SSe
9°T;Se z—f , S 3 § SS¢

whereT ;S CO, and 1; »; 3 are xed parameter values. We set@ 3 @1.
Let “x;ye 1 be our Dulac function.
ForT x S, we have
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Periodic Solutions in the Stommel Model

Since 0@ s @1, if T ASorT @S, we have% % @n, so by the
Bendixson-Dulac theorem, there are no periodic orbits for

Dy " T:;Se>R?’T ASe

and
Dy " T:Se>R°S ATe:

Now, we consider all ; S CO.
Suppose that there exists a periodic soluti@nwvhich encloses a region D
for all T;S CO.
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Periodic Solutions in the Stommel Model

MEGL - GMU Tipping in Climate Impact Models Fall 2022



Periodic Solutions in the Stommel Model

X
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Periodic Solutions in the Stommel Model

Periodic Solutions in the Stommel Model
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Periodic Solutions in the Stommel Model

Periodic Solutions in the Stommel Model

(@@—Tf + %) dTdS =0 is a contradiction since

<
8D, 800y gras ™ BCD L 8D, rag o
eT eT
D1 D2

using (1), the Bendixson-Dulac theorem for D; and Ds.

Thus, we can conclude that the Stommel system has no periodic solutions

for any T;S =2 0.

Q.ED
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Steady States

Equilibrium solutions
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Steady States

Equilibrium solutions
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Equilibrium solutions
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Steady States

Fix 1; 3 such that 3 @1 and 1A1 s,
3
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Bifurcation View
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Tipping

B-Tipping

Bifurcation induced tipping is a sudden transition

Occurs with a slow change to an underlying parameter of dynamica
system

Can reduce stability and untimately destroy a stable node

Analagous to "jumping o acli"
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R-Tipping

r @ rArc
[?]
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N-Tipping

Noise Induced Tipping
Can be characterized by a ball in two valleys on a potential graph

Noise / "random perturbations" / "Stochastic Process" are
responsible for driving a ball from one valley to the next

The depth of graph determines the amount of noise needed to shift
along the graph
This tipping does not change the original landscape of potential gra
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Importance of Tipping

Tipping is important in our dynamical system because we can exarr
real world data/parameters

This can have a direct impact to Earth's Climate thermohaline
circulation

Such as a change in direction of the ocean current's

Similarly Earth's climate can also induce tipping for the dynamical
ocean system.
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Data Assimilation

Data assimilation is the process of combining mathematical models with
observational data in order to get accurate estimations about the state o
system. DA relies upon state estimation techniques such as the Enseml
Kalman Filter to get accurate predictions.
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Kalman Filter

The Kalman lter is a two step-process for optimally estimating the state
of a linear system. The two steps are the prediction step and the update
step. In order to get an optimal prediction, the Kalman Iter must
maintain and do operations on the covariance matrices for the two
Gaussian distributions used to model our prediction and observation.
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The Kalman Gain Matrix

We have a predictiolN " §; o¢, and an observatiolN ~ N; 1¢. We want
N oo N"N; 1« N°RN? %. Using algebra we can get

8 KN e
oe (2)
o Ko

Where K is the Kalman Gain matrix, a parameter that quanti es our
con dence in our observation using the covariance matricgsand ;:

K o o 1! )
Problem solved?
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e
Ensemble Kalman Filter

Problem!

What if our system has billions of state variables? Findingdoesn't look
so fun anymore. Also, the Kalman Iter doesn't work if our system is
nonlinear or models errors using non Gaussian distributions.

New Approach: Monte Carlo Simulation
Estimate the mean and covariance using a set of ensemble members
(multiple state vectors).
Additional Bene ts:
Model is treated as black box
Highly parallelizable
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DAPPER

DAPPER is a set of methods for benchmarking the performance of

di erent data assimilation techniques. It does this by running a "twin
experiment”, where a synthetic truth is created and then used as a optir
reference point to compare di erent DA methods. Our implementation of
the Stommel model relies on this library.
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MEGL - GM

e
Observation Sources

Table: Parameters, forcings, initial conditions and their sources for our simulatic

for the Stommel model.

Data Values Source | Details
Temperature (ocean temperature) Pole: 6C, Equator: 18C 1] 1981-2010, annual, 200m depth
Salt (ocean salinity) Pole: 35ppt Equator: 36.5ppt | [2] 1981-2010, annual, 200m depth
temp_di (surface heat mixing coe cient) m with v 10 “ms T 3
salt_di (surface salinity mixing coe cient) mem with s 371 [4] 3 03
Zmixing (Mixing layer depth) 50m 5; 2005-2017, annual, surface value at 20N
dx (width North-Atlantic basin in lateral direction) 4800 km 6]
dy (width North-Atlantic basin in longitudinal direction) 5200 km U
dz (depth North-Atlantic basin) 3650 m [6]
rho_ref (reference density) 1027 kgm [8]
S_ref (reference salinity) 35 ppt [8]
T_ref (reference temperature) 10C [8]
1 (thermal expansion coe cient) % [8]
s (haline expansion coe cient) % 8]
Q_overturning (meridional overturning ux)) 18 Sv [9]
(advective transport coe cient) pm,eq, aaz p and e computed using initial conditions
temp_air Pole: 8.5C, Equator: 26C 1] 1981-2010, annual, surface.
salt_air Pole: 32.8ppt, Equator: 36.6ppf [2] 1981-2010, annual, surface depth
V_ice 342 10Fkm' 10] Area (1,710,00(km?) times thickness (2 km)|
T_ice 100 years
T_warming 100 years
avg_temp_warming (global warming) 3C [11, 12]
di_temp_warming (half di erence warming pole vs. equator) 6C [13]
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Reference Ensemble Run
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e
Reference Ensemble Run + DA
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E ect of Global Warming
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E ect of Global Warming + DA
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