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Mathematical Models of Floating Objects

Definition (Center of Gravity)

If the mass distribution is given by a continuous density function of
(x;y;z) within a domain €, then the center of gravity can be obtained by
77

(Gx;Gy;Gz) =

= (x;y;z) (x;y;z)dV ;
Mobj Q

For a cross sectional object with length L and a uniform density the center
of gravity is given by
Y4

(x;y) (x;y) dA
Q

L

obj

with G; = L=2
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Area of a General Polygon

Lemma
Let

be the vertices of the cross section polygon, oriented counterclockwise.
Then the mass of the object is

Mopj = LA;

where the area A of the polygon of cross section is given by

X
A== (X+Xeg)(Yker  Yk)
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Green’'s Theorem

Lemma

(xy) =1 Ok Yk) +tXer1;Yk+1) dy = (Vo1 Yi)dt.

Z, Z,

xdy = (X + (X1 X)) (Ykr1 k) dt
0 0

1
= Xk(Yk+1 Yk)+§(xk+1 Xk)(Yk+1  Yk)
1
= §(Xk+1+Xk)(yk+1 V) :

Now we use this to calculate the full area:

27 | 1)(

A= dA= xdy=3 (X1 + Xk ) (Ve Yk) ©
Q dQ K1
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General Polygon G

Lemma

By the shoelace formula, and the center of gravity G = (Gy; Gy) is given
by

%

1
oA (XE + XXkt + X)) Ykt Vi) (1)

1
Gy = A (Ve + YY1 + Yierr) Xes1 Xk
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Center of Buoyancy, B

Definition
The centroid of the displaced fluid

1 2727
(Bx;By;B;) = Voo (x;y;z)dv

sub qub
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