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Mathematical Models of Floating Objects

Definition (Center of Gravity)

If the mass distribution is given by a continuous density function of
p(x,y, z) within a domain €, then the center of gravity can be obtained by

///Xy, p(x,y,z) dV ,
Obj

For a cross sectional object with length L and a uniform density the center
of gravity is given by

(Gx, Gy, G;)

G = (G, G,) ,y) dA

with G, = L/2
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Area of a General Polygon

Lemma
Let

{(x1, 1), - (xwy yw), (1, 1)}

be the vertices of the cross section polygon, oriented counterclockwise.
Then the mass of the object is

Mop; = pLA ,

where the area A of the polygon of cross section is given by

N
1
A= 5 ;(Xk + Xk+1) (Vi1 — Yi)
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Green’'s Theorem

Lemma

(x,y) = (L — t) (k> Yi) + t(Xkg1s Yer1) dy = (Ye+1 — yi)dt.

1 1
/ xdy = / (XK + t(Xk1 — X)) (V1 — yi) dt
0 0
1
= k(Y1 — i) + E(Xk—i-l — i) (Yk+1 — Yk)
1
= §(Xk+1 + i) (Vi1 — Yk) -

Now we use this to calculate the full area:

N
1
A= // dA:% xdy = 5 (XK1 + 3 ) (V1 — Y) -
Q dQ et
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General Polygon G

Lemma

By the shoelace formula, and the center of gravity G= (Gx, Gy) is given
by

N
1
Gy = 6A ;(Xﬁ + XpXk+1 + X/E+1)()’k+1 — Yk) (1)
1 N
Gy = 6A Z — (Y& + YhYir1 + Yisn) (e — x) -

x
Il

1
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Center of Buoyancy,

Definition
The centroid of the displaced fluid

1
(BXaBysz) = V_/// (X,y,Z)dV
sub Q

sub
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Archimedes’ Principle

Definition

The upward buoyant force exerted on
an object wholly or partially submerged
is equal to the weight of the displaced
fluid

Mobig = pfiuid Vsubg

Vsub _ Pobj - R
Vobj  Pfluid

For the floating Mason M print with
p~0.8

Barreto, Calvano, Nsair

May 6, 2022



Algorithm: Compute Potential Energy Landscapes

Code developed to produce PE landscape plots and test stability uses the
algorithm:

@ Given an arbitrary shape or a set of boundary points
o Compute G (center of mass)
e For 0 € [0, 27] (orientation of object)

o lIdentify water line consistent with Archimedes’

o Compute B(6) (center of buoyancy)

e Potential Energy

u(o) ~ i(9) - (G — B(6))

Barreto, Calvano, Nsair May 6, 2022



i
(Q\]
o
(Q\|
>
9
‘©
N
=)
L
O
=
(qv]
O
.80
()
L
>
0
o
0
=
0
=
9]
=
o
.
e
=
.9
4
C
2
Sy
©)]
=

D.w
3
Il
o

=
©
&
=
)
<
@
=
©
o
)
2
9]
L
S
©
o



Square Cross Section Revisited
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Potential Energy Landscape for Square when R=0.8912

Potential Energy
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@ Numerical solution and theory agree

@ Stable equilibrium angle= 0,90, 180, 270, or equivalent
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Potential Energy

Angle (Degrees)

@ Numerical solution and theory agree

@ Stable equilibrium angle= 45,135, or equivalent



7.36

-~
©
&

Potential Energy

Angle (Degrees)
@ Numerical solution and theory agree

@ Stable equilibrium angle= 26.56, 63.44,0r equivalent



Density of print
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The predicted values without
hole (dashed red) and with
hole (solid green), graphed
along with the measured values
without hole (red x) and with
hole (green o).




Experimental Setup

The experimental set up to measure angles associated with stable floating
orientations.
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Stable orientations versus density ratio for G = (0, 0)
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Potential Energy for Square Cross Section R = 0.23296

The potential energy for the
square with G = (0,0) and

R =0.23296. There are eight
stable equilibria. Two stable
floating configuration
corresponding to the
orientations closest to 6 = 0.
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Potential Energy for Square Cross Section R = 0.4856

The potential energy for the
square with G = (0,0) and

R = 0.4856. There are four
stable equilibria corresponding
to 0 = 7 &+ Zn for integer n.

Potential Energy

Olm
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Potential Energy for Square Cross Section R = 0.

The potential energy for the
square with G = (0,0) and

R =0.9322. There are four
stable equilibria corresponding
to 0 = £7n for integer n.

Potential Energy
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Our theory predicts only two
stable orientations, but we
observe four experimental
stable orientations. The plot
shows two other potential
energy landscapes for nearby
values of G indicating the
presence of nearby stable
states.

Potential Energy
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Equilibrium Angles vs Density Ratio for Off Center Squares
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The potential energy of the

30"]: Mason M. Each vertical red
L%’Bj:: P 3 3 dotted line corresponds to an
T o experimentally found stable
%ti P | | orientation. The local minima
- | of the graph define stable

e orientations theoretically
ngle (Degrees) .
calculated using our code.
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