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Abstract

VERTEX OPERATOR ALGEBRAS: FINITE-DIMENSIONAL CASES AND CONFOR-
MAL BLOCKS

George R Andrews III, B.S.
George Mason University, 2022

Honors Thesis Director: Dr. Sean D Lawton

Vertex operator algebras are algebraic objects analogous to both commutative associa-
tive algebras with identity and Lie algebras. They provide a way of rigorously constructing
a particular family of quantum field theories called rational conformal field theories. In this
thesis we construct the simplest class of examples of vertex operator algebras, namely the
finite dimensional ones, and prove basic results on modules of these vertex operator algebras
and spaces of conformal blocks associated to smooth projective curves. We also construct
the vertex operator algebra associated with the slo(C) WZW model in the non-critical case.
When combined with the FRS theorem for rational conformal field theories, vertex oper-
ator algebra theory can be used to rigorously construct one of the simplest examples of

holographic duality: the Chern-Simons-WZW model correspondence.



Chapter 1: An introduction to notation and formal series

In this chapter we introduce notation that will be used throughout this text as well as
definitions related to formal series. The chapter is concluded with proofs of useful formulae
involving the formal delta function which will be used to show the simplest examples of

vertex operator algebras satisfy the Jacobi identity.

1.1 Vector spaces of formal series and conventions

Note that in this thesis after Chapter 2, I am only considering vertex operator algebras
defined over the base field kK = C. Other fields can be used in the definition of vertex
operator algebra since the notion of summability of endomorphisms of a vector space is
sufficiently restrictive, so the results on finite dimensional vertex operator algebras and
modules still apply. However, in Chapter 3 the definition of conformal blocks only applies
to the complex case, although there should be a way to generalize the definition by using
Kahler differentials and taking the cohomology to have coefficients in k. Assume all vector

spaces are complex unless stated otherwise. N is here defined as the nonnegative integers.



We define the following vector spaces associated with a vector space V.

Vi, s ] = {D_ vna"on € V} (1.1)
nez

Viz] = {Z vpx™|v, € V) all but finitely many v, = 0} (1.2)
neN

Viz,z7 '] = {Z vpx" vy, € V, all but finitely many v, = 0} (1.3)
nez

Vi)l = ) vnz"von € V} (1.4)

neN

V((z)) = {Z vpx" vy, € V, v, = 0 for n sufficiently negative} (1.5)
nez

V([z,x~1]] is the space of formal Laurent series, V[x, ] is the space of formal Laurent
polynomials, V[[x]] is the space of formal power series, and V ((z)) is the space of truncated

formal Laurent series.

1.2 Formal limits

First we will need to define the idea of summability of series of endomorphisms of a vector

space V. As usual, the set of endomorphisms of a vector space V is denoted by End V.

Definition 1.1. Let V' be a vector space and let (f;);er be a family in End V. The family

(fi)ier is summable if for all v € V', f;(v) = 0 for all but finitely many i € I.

Note that this notion of summability is more restrictive than the idea of summability
in R™ from analysis. We don’t allow for convergent series where infinitely many terms are
nonzero, but instead only consider sums that when applied to any specific vector v € V' are

finite (but not every endomorphism necessarily vanishes). Consider the following examples.

Example 1.2. Let the vector space be V = C and let the indexing set be I = C. Define



the family (fu)wec by
fw(2) = 0wz, (1.6)

where ¢y, , is the Kronecker delta function. (Recall that the Kronecker delta function is
defined by 6., = 1 if w = 2z and 6,» = 0 if w # z.) Then for each z € C, precisely one of

the f,,(z) is non-vanishing: namely, f,(z) = 1. Thus, the family is summable and equals

Y fuz) = fa(2) =2 (1.7)

weC

for every z € C, i.e. the sum is the identity endomorphism id¢ € End C. (For future

reference the identity endomorphism of a vector space V' will be denoted by idy € End V'.)

Nonexample 1.3. Let V = C and let our indexing set be I = Z. Define

1 cifn=0

: otherwise.

Let n € Z be an arbitrary fixed integer. We have

1 1 1 1
an:1+2ﬁ:1+2ﬁ+2ﬁ:1+22ﬁ (1.9)

neEL n#0 n<0 n>0 n>0
2
1+ (1.10)
3
if we apply the usual notion of summability in the case of complex numbers. However, this
family is not summable under our new definition, since e.g. z = 1 € Z, all the f,(1) are

nonzero.

Nonexample 1.3 illustrates how our new notion of summability differs from that used in
analysis for R". Even though the series converges in the usual sense, it is not considered

summable. While this more restrictive definition limits our examples in the case where the
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base field is k = C, it allows us to easily generalize to other base fields k in the definition of

a vertex operator algebra. Next we will define another notion of summability that applies

to formal power series in (End V)[[z,27!]] rather than just series in End V.

Definition 1.4. Let (F;(z));es be a family in (End V)[[z, 27 !]] where for each i € I, set

Fi(z) =Y fi(n)a". (1.11)

ne”L

Then the family (Fj(z))ier is summable if for all n € Z, the family of coefficients (fi(n))ier

is summable. The sum equals

Y Fi(z)=)_ (Z fi(n)> " (1.12)

el n€Z \iel

Remark 1.5. In the case |I| = 1 (|I] here denotes the cardinality of the set I), we have a

single formal series

> f(n)z™ € (End V)|[z, 2], (1.13)
nez
and the family (f(n)z")nez is summable; its sum equals F'(x) because there is only one
term in the family for each power of x. This generalizes to the case where the cardinality of
I is finite, as there are only finitely many nonzero endomorphisms f;(n) for a given power

in .
In addition to sums, we also want to know when a product of series exists.

Definition 1.6. Let (F;(x))!_; be a finite family in (End V)[[z,27!]], where as before we

set

Fi(z) =) _ filn)a". (1.14)

ne”Z



Then we say the product Fy(z)--- F.(x) exists if for all n € Z, the family

(f(n1) - f( )y, iy 4o tne=n (1.15)

is summable. The product evaluates to

Fi(z)-- Fp(x) = Z < Z fi(ny)--- fT(nr)> 2™ € (End V)[[z, 2] (1.16)

neZ \nit+-+nr=n

when it exists.
Consider the following example of a product.

Example 1.7. Set r = 2. Let V = C. Define Fj(x) and Fy(x) by

(Fi(2))(2) = ) Onza™ € Cllz, a7 ] (1.17)
NneZ
and
(Fo(2))(2) = ) 0np1,.2" € Cllz, 21| (1.18)
nez

for each z € C. Then we have two corresponding families of coefficients (f1(n1))n,ez and

(f2(n2))nyez defined by (f1(n1))(z) = 0n,,» and (f2(n2))(2) = Onyt1,.- We need to show

that the family (f1(n1)f2(n2))ny nginy+ne=n is summable for each n € Z. We have

Yo (i) fam))(z) = D (i) (2)(fa(n2)(2) = Y bnyOngyrs (1.19)

ni+na2=n ni+n2=n ni+no=n
1
1 :ifnoddanndz:n+
_ 2 (1.20)
0 : otherwise.

This is since 0y, , = 1 only if ny = 2 and dpy41,, =1 only if ng +1 = 2. Thus ny =ng +1

5



for a nonvanishing term, which implies n = 2ns + 1, so n must be odd for the sum to not
vanish. Moreover, substituting in the equation z = n; gives us the additional requirement
z = (n+ 1)/2. Since the coefficient is nonvanishing only for one choice of n; and no,
this family is clearly summable. Therefore, the product of formal series is summable and

becomes

(F1(2) Fy(2))(2) = (Z ( > fl(m)fQ(nz)> :E”) (2) (1.21)

neZ \ni+n2=n

> ( > (fl(nl)fa(nz))(2)> 2" (1.22)

n€Z \nit+nz2=n

= Z ( Z (f1(n1) fa(n2)) > (1.23)
n even \ni+ns=n

=+ Z ( Z (f1(n1) fa(n2)) > (1.24)
n odd \ni+nz=n

=0+ ) ( > (fl(nl)fz(nz))(2)> " (1.25)

n odd \ni+ng2=n

1 cifzeZ
= (1.26)

0 : otherwise.

Now we will define the notion of a formal limit, which is used in the definition of a vertex
algebra. This is similar to the usual notion of limit from analysis, although here we simply
interpret a limit as a coordinate change that satisfies a summability condition to ensure the
resulting series exists. As a result, we can make sense of this definition outside of the case

k=Cork=R

Definition 1.8 (Formal limit). Let

Y F(m,n)a{"z} € (End V)[[z1, 27", 29,25 ]]. (1.27)

m,ne”



The formal limit

: m,..n
m}lggm Z F(m,n)x"z) (1.28)
m,ne’

exists if for every n € Z, the family (F(m,n — m))mez is summable. If it exists, the limit
equals

Jim > F(myn)afay =) (Z F(m,n — m)> . (1.29)

m,neZ n€Z \meZ

We have the following simple example of a formal limit using this purely algebraic

definition.

Example 1.9. Let V = C. Define F(m,n) = oy, for all m,n € Z. We will show that the
limit
: m,.n
x}l_rgm Z F(m,n)z x5 (1.30)

m,ne”L

exists. To do so we need to show that the family (F'(m,n —m))mez is summable. We have

z if2m=n
(F'(m,n —m))(2) = Ompn—mz = (1.31)
0 : otherwise.

Note that this is nonzero for only one value of m if n is even and none if n is odd, therefore

the family of coefficients is summable and we conclude the formal limit (1.30) exists. We



then evaluate the formal limit as

MIE%Q Z F(m,n)xl"z5 | (2) = (Z <Z F(m,n — m)) x’f) (2) (1.32)

m,ne” n€Z \meZ

s (Srmem)s o

nEZ \meZ

=2 <Z(F(m’” - m))(z)> y (1.34)
n odd \meZ

+ (Z(F(man - m))(z)> g (1.35)
n even \meZ

= Z zxy . (1.36)

1.3 The formal residue operator

Now we introduce the formal residue operator. In the case k = C this is precisely the usual
notion of residue in complex analysis calculated from a Laurent series expansion. Here the

definition is extended in a formal way to Laurent series with coefficients in an arbitrary

field k.

Definition 1.10 (Formal residue operator). The formal residue operator, denoted Res,, :

V([z,271] — V, is defined by
Res,v(z) = the coefficient of ! in v(z) (1.37)

for a series v(x) € V[z,27]].

The following is an example of the above definition.



Example 1.11. Let V = C. Define

v(z) = Zx” € Cllz,z™1]). (1.38)

nel

Then we apply the formal residue operator Res, : C[[z,27!]] — C to v(z) and get

Reszv(x) = Res, Z " =1 (1.39)
nez

As we will see in future sections, the formal residue operator has a simple definition yet

is useful in proving the Jacobi identity holds for examples of vertex algebras.

1.4 The modified binomial expansion

We also introduce new notation for the modified binomial expansion to avoid confusion
(as opposed to |LLO04, 30-31]). It is challenging to work with the usual notation since
the exponents are commonly used to mean something else in algebra, and, in particular,
commutativity fails to hold when the exponent is negative (By(x,y) # Bpn(y,z) in the

following Definition 1.12).

Definition 1.12 (Modified binomial expansion). Define the map By, : {(x,%)} — Q[[z,z~ !, y,57!]]

for each n € Z by

Bu(z,y) = Y b FyF, (1.40)
keN

where we define the coefficients

Remark 1.13. Note that in general B, (x,y) # B, (y, ) due to the change in the coefficients



from the usual definition of the binomial expansion. This is why we use a different notation

from |LLO04, 30-31]; the authors use (x + y)™ to mean B,(z,y), and confusingly use the

binomial coefficient symbols to mean the coefficients b,;. Note, however, that the coefficients

b, are the usual binomial coefficients in the case where n is nonnegative, and as a result

B, (z,y) = Bp(y,z) = (x +y)"™ where (z +y)" refers to the usual binomial expansion in the

case n > 0.

Example 1.14. We compute By(z,y) using the formula

_ 20)---2—-k+1) ,_
Bg(l‘,y) _ Zb2kI2 kyk _ Z ( ) (k‘ )CC2 kyk:
keN keN )

2! 2—-0,0 2! 2—-1,1 2! 2 2
_ 2 2 2 240
oez—op” YT S T T

where we used the fact that

(1.42)

(1.43)

(1.44)

for n > 0. (Note that if & = 0 we simply set the coefficient to 1 and get the term z2.)

Reversing the roles of z and y in (1.42 — 43) shows that Ba(z,y) = Ba(y, x).

Example 1.15. We can also consider the case where n is negative, say n = —2. Then

B_s(z,y) equals

o —2)(=3)---(=2—-k+1) _o_
Bt )= Yty = Y 2D ) g2ty
keN keN ’

-2
— 200 4 Tw_Q_lyl n

=z 2223y + 37+

10

(1.45)

(1.46)

(1.47)



Example 1.16. Now we will show as an example that B_i(x,y) # B_1(y,x). We have

1) (=K
B_i(z,y) = Z byt Ryt = Z ()k|<>m_1_kyk (1.48)
keN keN )
= (=Dkam Ry (1.49)
keN

Reversing the roles of x and y results in

Boy(y,x) =Y _(=DFaky=7F, (1.50)
keN

so clearly B_1(z,y) # B_1(y, z).

1.5 The formal delta function

Now we define the formal delta function.

Definition 1.17. The formal delta function is a function 6 : {x} — C[[x,z7!]]

o(z) = Za:" € Cl[z,z™1]). (1.51)

neL

Remark 1.18. We can extend the argument to expressions of the form e.g. x —y by using

the modified binomial expansion convention. So

S(x—y) = Bnl(x,-y). (1.52)

nez

The formal delta function is necessary to define the Jacobi identity, which is the most
important (and complicated) axiom of a vertex algebra. In future sections we will prove

various useful identities involving the formal delta function.

11



We have the following basic result involving the formal delta function.

Theorem 1.19. (Proposition 2.1.8 of [LL04])
a Let f(z) € V]z,z7!]. Then f(z)d(x) = f(1)d(x).

b Let
f(z1,22) € (End V)[[:I}l,xl_l,l‘g,l'g_l]]

be so that

lim f(z1,22)
T1—T2

exists. Then we have

I I I

2 2 2

f(x1,22)0 <x> = f(x1,21)0 <x> = f(z2,22)0 (w

and the expressions exist.

(1.53)

(1.54)

(1.55)

Proof. We get (a) by linearity and the fact that z"d(x) = 0(z) for all n € Z. Now we will

show that (b) holds. Let

f(z1,22) = Z a(m,n)z'zy.

m,nEL

We then have

Flares (2) = [ 3 atm sy (gw)

m,nel keZ

= Z a(m, n)z T F gk

m,n,kEZL

— E: a(m,n)x?+"xT+kx5m_k
m,n,kEZL

= f(x2,72)d (2) ,

12

(1.56)

(1.57)

(1.58)

(1.59)

(1.60)



and it is clear that the expressions exist. By d(x1/z2) = d(xo/z1) the other equality
follows. O

1.6 The exponential map

Now we will introduce formal exponentials, which are defined by the familiar series expres-
sion for the exponential function, generalized to an arbitrary base field k. For the purposes
of working with vertex algebras, we don’t care about convergence where the formal variable
gets replaced by a field element (e.g., a complex number). We only care that the formal

series exists and proceed using only algebra whenever possible.

Definition 1.20. Let S € y(End V)][[y]], i.e. S has no constant term. Then define the

exponential of S by the formal series
1
=) 8" (1.61)
neN

Remark 1.21. As with the formal delta function, we extend the above definition to expres-
sions where S is a difference of terms using our modified binomial expansion convention,

replacing S™ with the appropriate expression of the form B, (z,y) for each term.

Like the usual exponential map, the formal exponential satisfies 517 = eSel” where S

and T are commuting elements of y(End V)[[y]].

Theorem 1.22. Let S,T € y(End V)[[y]]. Then 57 = e%¢T.

Proof. The left hand side becomes

T = Z; n(S,T) =) ( > bukS™ kT’“) (1.62)

neN neN keN

13



On the right hand side we have

1 1 1
S T _ n n | __ n1 n
e’e’ = (nENn!S ) (E —n!T ) = g g n1!n2!5 rrn2 (1.63)

neN neNni+n2=n

1 .
:Zstn Tt =3

neN keN neN

(Ti' > bnksn—ka) . (1.64)

" keN

The result then follows immediately. O

We will need the definition of a derivation to prove the next theorem. Intuitively,

derivations are functions that act like derivatives.

Definition 1.23. A derivation on an algebra A over a field k is a linear map (over k)

d: A — A that satisfies d(ab) = ad(b) + d(a)b for all a,b € A (called Leibniz’s law).

Theorem 1.24. Let

T=p(x)— (1.65)
where p(z) € C[z,z~!]. Then we have
VT (f(2)g(x)) = (e f(2)) (e g()) (1.66)

for all f(z) € C[z,27!] and g(z) € C[[z,z~1]].

Proof. Since T is a derivation of Clx,z~!] we have

T(f(z)g(z)) = (Tf(x))g(x) + f(z)(Tg(x)) (1.67)

for all f(x) € C[z,2™!] and g(z) € C[[z,»!]]. By induction we obtain

T"(f(x)g(x)) = Y bar(T* f(2))(T" g (x)) (1.68)
k=0

14



for n > 0, and so we have

1 1

M (f(2)g(@)) = D — WD) (F(w)g(x)) = Y —y"T"(f(x)g(x)) (1.69)
neN neN
=> ,y"ank (T f (2))(T" *g()) (1.70)
neN k=0

and
(T f(2)) (T g(2)) = (Z i!(yT)”(f(x))> (Zil(yT)”(g(m))) (1.71)
neN neN
=Y Y D)D) (172)
neNni+na= n
=2 i @A @) (1)
neN keN
=2 |y " b ())(T" Fg()), (1.74)
neN ' keN
showing they are equal. 0

We have the following important result called the “formal Taylor theorem” (Proposition

2.2.2 of [LLO4, 32]).

Theorem 1.25. (Proposition 2.2.2 of [LL04, 32]) Let v(z) € V[[z,27]]. Then

V(1) = v(z + ). (1.75)
Proof. Let
v(x) = vpa" € Vx,z™"]]. (1.76)
nez

15



Then we have

eV Pry(z) =N i/, (i)ivnxn (1.77)

n€eZ ieN

= Z Z %zn coo(n—i4 Dvpa™ ! (1.78)

n€eZ ieN
= Z Z bn,ivnyim”_i (1.79)
n€eZ ieN
= Z B (z,y) = v(z +y). (1.80)
neZ
UJ

Note that whenever we make a change of variables z + z +y for v(x) € V[[z,271]], we
replace each x" in the series with By, (z,y). As we will see in future sections, this convention
applies to all the formal series in the definition of a vertex operator algebra, including the
vertex operator map Y (-, ) when making the change of coordinates Y (-,z) — Y (-,x + y)
and the formal delta function when making the change of coordinates d(z) — d(x +y). We
were able to improve the notation for the binomial expansion convention itself, but in the

case of Y (-, ) there isn’t an easy fix to the notation.

1.7 Formal delta function identities

The goal of this section is to build up to proofs of the most useful elementary results for
checking that a vertex operator algebra satisfies the axioms, especially the Jacobi identity.

These include in particular the equations

_ Xr1 — T2 _ ro — I _ 1 — Xo
x015< o > —55015( - > =2;'6 (m> (1.81)

16



and

) <x1 — x0> =275 <x2 i x0> : (1.82)

Z2 I

which we will use often in subsequent chapters. Recall that due to the modified binomial
expansion convention being applied to expressions like 1 —x2, the left hand side of Equation
(1.81) does not evaluate to zero.

The following two definitions formalize the idea of expansions of zero for a single variable

and two variables, respectively.

Definition 1.26. Let ¢y : C(x) — C((x)) be defined so that ¢y f is the expansion of the
rational function f € C(x) as a formal Laurent series in z, and similarly let (— : C(z) =
C(x™1) = C((x71)) be defined so that ¢_ f is the expansion of f as a formal Laurent series
in x71. Now define © : C(x) — C[[z,z7!]] by f = ¢+ f —t_f. We then call elements of

Im © expansions of zero.

Definition 1.27. Set S = {x,z9,21 £+ x2}. Let Clx1,x2]s be the subalgebra of the field
of rational functions C(x1,z2) in the two variables z; and xy generated by xfl, xéﬂ, and

(21 £ 22)~ L. Define ¢15 to be the linear map
112 : Clwy, z2]s — Cl[zy, 271, 22, 25 1] (1.83)

such that t12(f(z1,22)) is the formal Laurent series expansion of f(z1,22) involving only
finitely many negative powers of z3. Analogously, we define the linear map to1(f(z1,x2))
using the opposite expansion. Define O(f) = t12f — t21f. Elements of Im © are called

expansions of zero.

Note that our subalgebra C[x1, x2]g is indeed a proper subset of C(x1,x3). For example,

1/(.1‘1 + 1) S (C(Zvl,l‘g) — C[$1,$2]5.
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Lemma 1.28. The formal delta function is an expansion of zero. In particular,
S(z)=0(1—2)"")=B_1(1,—z) + B_1(z, —1). (1.84)

Proof. We have

neL n>0 n<0

= Zx” = (Z x") - (— Zx”) =1 (QA—2)H) = (1-2)"h (1.85)

=0((1—z)™h). (1.86)

Also,
, —T) Z 1k (—a)k = Z i (—1)"x .
keN keN
1(2)---k n
keN keN n>0
and

(1) = Y boga ey = 3 R LR D ok 159)

- P”’“W => a7 F=3) " (1.90)

O
Lemma 1.29. We have
:L’2_15 <2> = G)((a;l — 1?2)71) = B_l(:L’l, —1’2) + B_l(.l’g, —Zvl). (1.91)
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Proof. Lemma 1.28 states that the formal delta function is an expansion of zero

§(z)=0(1—2)"Y)=B_1(1,—z) + B_i(z, -1). (1.92)

) (2) =2;'0 ((1 - i;)_l) = ;! [B <1 —m> + B, @;—1)] . (1.93)

We evaluate each term as

vy B (1 —) ED RN ’f( )k:mglz(—l)’f(—l)k (i;)k (1.94)

keN keN

= > ey = 3Ry ) = by ()

keN keN keN
(1.95)

= B_l(l'Q,—iL‘l) (1.96)
and

x21£3]_(i;,1> = 23" ) bk <$1> l_k(l)k::lejgj(1y:<i;>‘l_k(1)k

keN

:le_l 1+1+k lel kpk = Z( DEa 7% (—zp)k (1.98)

keN keN keN
= by (—a)P = By (21, — 1), (1.99)
keN
This proves the result. ]

Lemma 1.30. (Proposition 2.3.6 of [LL04, 35]) For n € N,
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1 a " —1 I (_1)n a " —1 I
— [ =— — | =B_,_ ,—x2)—B_,_1(—x2, = — — 1.
n! <8x2> T30 <x2> 1@, —22) 1(=22,21) n! o0x1 T3 0 To

Proof. The proof is by induction. Note that for n = 0 the result follows immediately from

Lemma 1.29. Now consider the case n = 1. Then

a8 (2) = 6l — ) ) = 6 (o~ 0) ) = Ol(ar — a2) ),

T2

(1.101)

_881‘1x215 <x1> = —821@(@1 —z9) ) =-0 (a(m — 332)_1> = —O(—(z1 —x2)7?)

(1.102)

= O((z1 — x22)72). (1.103)

Now assume the result holds for n = k. Then we have

1 0 ktl -1 T 1 0 —k—1 1 0 —k—1
(] (am) z3 5<x2> = 10m, 0@ ) )_k+1@<ax2(xl_$2) >

(1.104)

(1.105)
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This completes the proof by induction.
Now we are ready to prove our favorite result.

Theorem 1.31. (Proposition 2.3.8(ii) of [LLO04, 37]) We have

-1 T1 — T2 -1 T2 — 1 -1 1 — To
— = . 1.1
x 5< 0 > x 5< o > Zq 5( s > (1.108)

Proof. We will use the fact from Lemma 1.30 that for n € N,

1 o\" _
< > 1172 1(5 <$1> = B_n_l(xl,_.'EQ)—B_n_l(—;U27x1) = n'

n! \ Oy T
(1.109)

If we multiply by a factor of 2} and take the sum over n > 0, the middle expression becomes

Z xg(B_p—1(x1, —22) — B_p_1(—x2,21)) = Z xg(B_p—1(x1, —22) — B_p_1(—x2,21))
ne”L
(1.110)

(1) o (252)

Lo

n>0

(1.111)

where the last equality follows by definition of the formal delta function. The expression

on the right becomes

PR <_3> 516 <$1> _ emmod/om 1 (2) . (1.112)
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Define v(z1) = 510 (:m) € C[[x1, 72,27 ", 25 ']]. By Theorem 1.22 we have

Z2

e_x(’a/axlx;lé <371> = e‘xoa/awlv(m) =ov(r1 + —x0) = x2_15 (ml _ 370) , (1.113)
X9 2

proving the result. O

Now we will show that the other important identity involving the formal delta function

holds.

Theorem 1.32. (Proposition 2.3.8(i) of [LL04, 37]) We have

2516 (xl — x“) =276 (“ i mo) . (1.114)

T2 I1

Proof. Recall from Lemma 1.30 that we have shown

for all n € N. Summing the left-hand side multiplied by z{j over n € N gives

ﬁ i " -1 ﬂ — ,%00/0z2,,—1 ﬂ — ,%00/0x3 ,,—1 @ 1.11
Zn! <8x2> Ty 5(:172) e ) . e ) - (1.116)

neN
= 2716 <x2+$0>. (1.117)

x1
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Similarly, on the right-hand side we have

(=" (0N ag(m) g2l (0N g (n
Z n! 0x1 73 0 9 _Zn! 0x1 730 9 (L.118)

neN

_ ow00/0m s (9“) = 2516 (‘”1;””0> . (1.119)
2

This proves the result. ]

Now we will show two more useful results involving the formal delta function and formal

Laurent polynomials and series.

Lemma 1.33. (Proposition 2.3.21 of [LL04]) Let

p(z1,x2) € (C[:Bl,xl_l,xg,:r;l] (1.120)
and
f(x1,22) € (End V)[[z1, 27, 22, 25 1] (1.121)
so that the formal limit
lim f(x1,22) (1.122)
Tr1—T2
exists. Let
T =p(x1,z )i (1.123)
_p 1,42 axl' .

Then we have

X x

> = (e YT f) (21, 22)e?T6 <> . (1.124)

T2

f(xl,xg)echS (

T2

For n > 0 this is equivalent to the equation

a1, 29)T"5 (“) = zn:(—l)kbmk(ka)(xg,xg)T”’ké (”“) : (1.125)

X
k=0 2
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where all the expressions exist (either in the sense of a formal limit or a product of series

where applicable).

Proof. Since

lim <;{> (1, 22) (1.126)

Tr1—IT2

exists, by induction

Jim <<ail>kf> (z1, 72) (1.127)

exists for k > 0. This implies that

lim (T%f)(z1, x2) (1.128)

Tr1—IT2
exists for k > 0 since T* is a polynomial in 9/8z1 with coefficients in Clxy, 27", 2,25 ']
Thus the expression on the right hand side of (1.125) exists in the sense of a product of

formal series, showing that the expression on the right hand side of (1.124) exists. Simi-

larly, we see that the left hand side of (1.125) exists, and so the left hand side of (1.124)
exists. By Theorems 1.19 and 1.22, eSe™¥ = 1 for S € y(End V)[[y]]. We then have

YT (f(x1,22)9(z1,22)) = (e¥T f(21,22))(e¥T g(1,79)) (Theorem 1.23), and obtain

F(1, 2)e"Ts (”“) =¥ {(eny)(:cl,xQ)a (2)} (1.129)

T2
=T |:(6_ny)(;52,$2)5 (2)} (1.130)
= (7T f) (w2, 22)e" s <2> : (1.131)

We have the following generalization of the previous result.
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Corollary 1.34. (Remark 2.3.24 of [LL04]) Let

f(z1,z2,y) € (End V)[[:Ul,xfl,xg,xglﬂ (1.132)
such that
lim f(z1,22,y) (1.133)
Tr1—T2

exists and for all v € V we have

flay,w2,y)v € V([zg, a7 22,25 (%)) (1.134)

Then the result of Lemma 1.32 still applies:

s )8 (21) = @ anan)erts (). (1.135)
) T2
Proof. Apply the proof of Lemma 1.32 to f(x1,22,91), and then take lim,, . O

Corollary 1.35. (Remark 2.3.25 of [LL04]) Let f(z1,x2,y) meet the conditions of Corollary

1.33. Then
_ T+ _ T+
x;5<1 y)f@hm4»=x26<1 y)f@2—%$mw, (1.136)
T2 €2
_ T _ T
Ty 15< 2$1 y) f(xlax%y) = I 16( 21,1 y) f(xQ—y,l'Q,y)- (1137)

Proof. (1.115) follows from Corollary 1.33 where we set p(z1,22) = 1 and the formal Taylor

theorem once we multiply by x5 . Then by Theorem 1.28 we obtain (1.116). O

Theorem 1.36. (Proposition 2.3.26 of [LL04|]) Consider a formal Laurent series of the form

g(xo, 1, 2)

1.138
zhafzl ( )

f(3307331,$2) =
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where g is a polynomial and r, s,t € Z. Then

_ T2 + X — X0
€Ty 15 < T > L20(f’:(:1 1’0+x2) = Ty 15 < T ) LlO(f‘zg:xl—xo)
2

1

and

_ Tl — X2 — T — I
Lo 15 ( o > L12(f|960=$1—902) — Ly 16 ( 20 > L21(f|060=961—962)

_ r1 — o
=z, s ( . > 010(fley=a1 20 )-

(1.139)

(1.140)

(1.141)

Proof. Multiply the formulas from Theorems 1.30 and 1.31 by f(zg, z1,z2) and note that

by

o6 () ora) = () sl - )

I

(Corollary 1.31) we have

-1
fZL'(),ZL'l,ZEQ =T )

E%
o

-1
fx()vxl)mQ —3:'2 5

>f Zo, T1,T2) —xolé

/N 7 N\ 7 N /\\
§
&
)

T1

120 f‘:}cl xo+12)

B

Zo

//20 f‘m x1— xo)

)
)
) (a2
)

8
—
H
N

(2
(=
(5
(75

L20 ‘$0=931*I2 )

(1.142)

(1.143)

(1.144)

(1.145)

(1.146)

O]

Remark 1.37. We can generalize the previous result in the following manner. Define the
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subalgebra A of the field of fractions of the ring C[[x1, z2]] by

A = C((w1,m2))[(w1 £ m2) ) = Cllwy, wo]l[zy 2y ' (1 — 2) ™ (21 +a2) 1] (1.147)

We then extend the iota maps to the injections
gt A= Cllzy, x7t, we, 25 Y] (1.148)

to1 1 A Cllzy, 27t wo, 25 Y]] (1.149)

and so on, which give the expansions involving only finitely many negative powers of xo
and only finitely many negative powers of x1, respectively. We then have the following

generalization.

Theorem 1.38. (Proposition 2.3.27 of [LL04]) Let f(zo,x1,x2) be a formal Laurent series
truncated from below in powers of xg, x1, and xg, that is, f(xo,z2,22) € C((xo, z1,22)).

Then the formulas of Theorem 1.35 still hold.

Proof. The proof is analogous to the proof of Theorem 1.35. 0
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Chapter 2: Finite dimensional vertex operator algebras

In this chapter I will classify finite dimensional vertex operator algebras as well as modules
of finite dimensional vertex operator algebras. The example V = C will be used as a
concrete special case. The results of this section apply to vertex operator algebras over an

arbitrary field k since they depend only on linear algebra.

2.1 Definition of a vertex algebra

First we need to define the notion of a verter algebra, to which we add a few additional

axioms to reach the definition of a wvertex operator algebra.

Definition 2.1 (Vertex algebra). Let k be an arbitrary field. A vertex algebra (over k) is

a vector space V together with a linear map

Y(-,z):V — (End V)[[z,2 Y (2.1)
vi— Y(v,z) = Z v (2.2)
ne”Z

for each formal variable x where v,, € End V for all n € Z, and a chosen element 1 € V called
the vacuum vector. We call Y (v, x) the vertex operator associated with v. The following

axioms must be satisfied:
1. the truncation condition Y (u,x)v € V((x)) for all u,v € V,
2. the vacuum property Y (1,z) = idy,

3. the creation property Y (v,x)1 € V[[z]] and lim,_,o Y (v,z)1 = v for all v € V, and

28



4. the Jacobi identity

T2 — X1

x50 <x1 — m2> Y (u, 21)Y (v, 22) — 2516 <

Zo

) Y(v,22)Y (u, x1) (2.3)

—Zg

= 2316 <“””1;2x°> V(Y (u,x0)v,22)  (2.4)

for all u,v € V.

Remark 2.2. We will sometimes use the triple (V,Y, 1) to refer to a vertex algebra V' with

specified linear map Y and vacuum vector 1.
Definition 2.3. (Homomorphism of vertex algebras) Let (V1,Y7,11) and (Va, Y2, 1) be

vertex algebras. A homomorphism f : V) — V3 is a linear map such that

FM(u, z)v) = Ya(f(u), 2) f(v) (2.5)

for u,v € Vi and f(1;) = 1g. f is an isomorphism of vertex algebras if f is both a
homomorphism and bijective. (Note that we are extending f canonically to Vi[[z,z71]] —

Va[[z, 271]] to make sense of the use of Yi(-,z).)

2.2 Definition of a vertex operator algebra

Now we add a few axioms and data to the definition of a vertex algebra to get the vertex

operator algebra definition, described below.

Definition 2.4 (Vertex operator algebra). Let (V,Y, 1) be a vertex algebra over an arbitrary
field k. This vertex algebra combined with a conformal vector w € V is a vertex operator

algebra over k in the characteristic zero case if V' has the Z-grading

V=DV (2.6)

neZ
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with grading restrictions dim V|,,) < oo for all n € Z and V{,,y = 0 for n sufficiently negative.
We define the notation wt v =n if v € V(,,). We require 1 € V(g and w € V(3). Moreover,

the following additional axioms must be satisfied for u,v € V:

1. the Virasoro algebra relations

(L(m), L(n)] = (m — n)L(m + n) + %(m?’ —)mnocy (2.7)

for some ¢y € C called the central charge where we define L(n) by

Y(w,x) = Z L(n)z™"72, (2.8)

ne”L

2. compatibility of L(0) with the grading: L(0)v = nv = (wt v)v for n € Z and v € V(,,

and

3. the L(—1)-derivative property

d
Y(L(-1)v,z) = —Y (v, z). (2.9)
dx

In the case where k has prime characteristic, we replace the Z-grading with a Z/pZ-

grading where the copy Z/pZ C k comes from adding or subtracting the multiplicative

identity to itself in k:

V= @ V(n). (2.10)

n€eZ/pZ

Also, in the prime characteristic case we can get rid of the requirement V{,,) = 0 for n

sufficiently negative, as it becomes redundant.

Remark 2.5. At first it may seem that vertex operator algebras are infinite dimensional

in general due to the Virasoro algebra relations. However, this definition requires an action
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of the Virasoro rather than a copy as a subspace of V', so we can have the action of the
Virasoro algebra on V' send everything to zero, which turns out to characterize the finite
dimensional case. Later in this chapter we will show that either L(n) = 0 for all n € Z
or L(n) # 0 for all n € Z, making any examples beyond the finite dimensional case very

complicated.

Definition 2.6. Let Vi and V5 be vertex operator algebras. A homomorphism of vertex
operator algebras f : V4 — V5 is a homomorphism of V; to Vo as vertex algebras satis-
fying f(w1) = we, where w; and wy are the conformal vectors associated with V4 and Vs,

respectively. f is an isomorphism if it is both a homomorphism and bijective.

2.3 Classification of finite dimensional vertex operator alge-

bras

Now we will consider the simplest family of examples of vertex operator algebras, namely
the finite dimensional vertex operator algebras. In this case the vertex operator algebra
structure can be determined by the axioms. First we show that the conformal vector w =0
and the central charge cyy = 0 for any finite dimensional vertex operator algebra, then we
derive the rest of the structure easily from it using a special case of Borcherds’ construction

of commutative vertex algebras.

Lemma 2.7 (Finite dimensional vertex operator algebras have w = 0 and ¢y = 0). Let

(V,Y,1,w,cy) be a finite dimensional vertex operator algebra. Then w = 0 and ¢y = 0.

Proof. Let V = span{e;|1 < i < d}. Recall from the definition of a vertex algebra that
the truncation condition states that Y (u,z)v € V((z)) for all u,v € V. We set u = w and
v = ¢; and obtain Y (w,z)e; € V((x)). By the definition of V((x)) our series Y (w, z)e; is

truncated, i.e. its terms vanish for sufficiently negative powers of x. Recall that we defined
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L(n) for n € Z in the definition of a vertex operator algebra by

Y(w,x)=> Ln)z "2, (2.11)

ne”L

so this implies for all 1 < i < d there exists n; € N sufficiently large such that L(n;)e; = 0.
Then we have

L(max{n;|1 <i<d})ej =0 (2.12)

for all 1 < j <d, therefore L(max{n;|1 <i<d})=0.
Now we show that if L(n) = 0 for some n € Z, then L(m) = 0 for all m € Z. We have
just shown that L(max{n;|l <i <d}) =0, so we set n = max{n;|1 <1i < d} to satisfy the

condition. Then we have [L(m), L(n)] = [L(m),0] = 0, which implies

1
=(m—n)L(m+n)+ E(m‘o’ — M) dm4n,0CV (2.13)
by the Virasoro algebra relations. If m # —n then d,,4,0 = 0, so in this case the second
term vanishes and we are left with (m — n)L(m + n) = 0. Then if m = n we already know
that L(n) = 0 from the first part of the proof, so the vanishing first term isn’t a problem.
Otherwise, we have (m —n)L(m + n) = 0 where m — n # 0, showing that L(m + n) = 0.

Thus we have shown that L(m +n) = 0 if m # —n. If m = —n then

1
[L(—n),L(n)] = —2nL(0) — E(n3 —n)cy =0, (2.14)
which implies
1nd—n
L(0) = —— . 2.1
0) = "5 ey (2.15)

This implies L(0) = 0 and ¢y = 0 since n varies but L(0) is fixed. Thus we have shown
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L(m +n) =0 for all m € Z, or equivalently L(m) = 0 for all m € Z.

The fact that all the L(n) vanish implies that Y (w,z) = 0. By the creation property we

have
ilg}) Y(w,2)1l =w, (2.16)
and since
lim Y(w,z)1 = lim 01 = 0, (2.17)
z—0 z—0
we conclude that w = 0. O

We can say more than this immediately about the vertex operator algebra structure in

the finite dimensional case. The vertex operator Y (-, ) turns out to be constant.

Lemma 2.8. Let V be a finite dimensional vertex operator algebra. Then Y (-, z) is con-

stant, i.e.

Dy (o 2) = (2.18)

forallv e V.

Proof. The result follows immediately from the fact that L(—1) = 0 shown in the previous

lemma and the L(—1)-derivative property:
—Y (v,2) =Y (L(—1)v,z) =Y (0,2) = 0. (2.19)

O

Lemma 2.9. Let V be a finite dimensional vertex operator algebra. Then [Y (u,z1),Y (v, z2)] =

0 for all u,v € V.

Proof. We take the formal residue with respect to xg of both sides of the Jacobi identity,
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getting the left-hand side

—X3 + T
o

Zo

Resg 2520 [ 22 ) ¥ (u, 21)Y (v, 22) — 2946 Y (v, 22)Y (u, 1) (2.20)
e (57) (=) |

= Resy, [:polé <:):1x—0x2)] Y (u,x1)Y (v, x2) — Resy, [wold <—x2x;—$1>} Y(v,22)Y (u, x1)
(2.21)
=Y (u,21)Y (v,22) — Y(v,22)Y (u,21) = [Y(u, 21),Y (v, 22)] (2.22)

and the right-hand side

Resy, [%15 (xlg;m) Y (Y (u, z0)0, xg)} = Resy, [:::215 (‘””1;2”“"())] Y (Y (u, 20)v, 2)
(2.23)

- [Resxo (zgl5 (ml;]“)) — Resy, <x515 <_x2$:xl>>] V(Y (u,z0)v,22)  (2.24)

— (1= DY (Y (u,z0)v, 2) = 0, (2.25)

where we used Lemma 2.8 to pull Y out of the residue expressions since by Lemma 2.8 Y

does not depend on the formal variable. Thus [Y (u,z1),Y (v, z2)] = 0. O

Lemma 2.10 (Borcherds’ construction). Let V' be a finite dimensional commutative asso-
ciative algebra with identity 1. Then V is a vertex operator algebra with w = 0, ¢y = 0,

and Y (u,z)v = uv for all u,v € V.

Proof. Suppose V is a commutative associative algebra with identity 1 of dimension 0 <
d < oo. The forward direction of the proof amounts to a special case of Borcherds’ construc-
tion of vertex operator algebras from commutative associative algebras with identity and a
derivation, described in [Bor86|. We set w = 0, ¢y = 0, Y (u,x)v = wv for every u,v € V
where the given product is that of V' as a commutative associative algebra, V(g) = V, and

Vin) = 0 for n # 0. Now we show that with this structure V' is made into a vertex operator
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algebra.
We have
Y(u,z)v =uww € V C V((z)), (2.26)

showing the truncation condition is satisfied. We also confirm that the vacuum property
holds:
Y(1,z) =idy (2.27)

by definition. Now we check the creation property. We have

Y(v,)l =vl=v eV C V]z]] (2.28)
and
lim Y (v,2)1 = lim v = v, (2.29)
z—0 z—0

showing the creation property holds. The Jacobi identity holds since Y (u,z1) and Y (v, z2)

commute (Lemma 2.9), and

-1 1 — T2 -1 T2 — T -1 T1 — Zo
_ = . E— 2.
x (5( 0 ) x (5< o ) x5 6( . ) (2.30)

(Theorem 1.30). This shows that V' is a vertex algebra.

Now we show that V' is a vertex operator algebra. Note that dim Vi) =1 < co and
dim V() = 0 < oo for n # 0. We also see that V(,,) = 0 for n < 0. We have 1 € V' = V),

and w = 0 € V(3). We find that L(n) = 0 for all n € Z since

0=w=Y(w,z) = Z L(n)z™""2 (2.31)
nez
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We then have
[L(m),L(n)]=0=0+0=L(m+n)+ i(m3 — M) 4n,0CV - (2.32)
L(0) is compatible with the grading since
L(0)v =0v=0= (wt v)v (2.33)

for all v € V. Lastly, we check that the L(—1)-derivative property holds with

d d
Y(L(—1)v,z) =0 = i %Y(v,m). (2.34)
Therefore V is a vertex operator algebra with the given structure. O

Now we use Borcherds’ construction of a vertex algebra from a commutative associative
algebra with derivation [Bor86| together with the remark [LLO04, 84] that a vertex operator
algebra with w = 0 is a commutative associative algebra to get the following classification
of finite dimensional vertex operator algebras. We make use of one more lemma to prove
associativity of the algebra structure (i.e. Y(u-v,2) = Y(u,2)Y (v, x)), called the iterate

formula.

Lemma 2.11 (The iterate formula). We have

xr1 — T2 T2 —I1

Y (Y (u, z0)v, 22) = Resg, <x515 ( ) Y (u,21)Y (v, 29) — 510 ( > Y (v, xz)Y(u,x1)> .

Zo —Z0

(2.35)

Proof. This follows by applying Res,, to the Jacobi identity. The right hand side is obvious,
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and on the left hand side we have

Res,, <x215 <x1 — x0> Y(Y(u,xo)v),x2)> = Res,, <x115 <W) Y (Y(u,xo)v,x2)>

xr9 T
(2.36)
=Y (Y (u,xz0)v,z2), (2.37)
where we used Theorem 1.31 in the first equality. O

Theorem 2.12. V is a finite dimensional commutative associative algebra over an arbitrary
field k£ with identity 1 if and only if V' is a finite dimensional vertex operator algebra over

k. In particular, the conformal vector w = 0, the central charge cy = 0, we have V(o) =V
and V,,) = 0 for n # 0, and

Y(u,z)v = uv (2.38)

for all u,v € V. Moreover, the isomorphism classes of finite dimensional vertex opera-
tor algebras over k correspond to the isomorphism classes of the commutative associative

algebras over k with identity.

Proof. First, let V be a finite dimensional commutative associative algebra with identity
1. By Lemma 2.10 (Borcherds’ construction) V' is a vertex operator algebra with the
stated structure. Conversely, suppose V is a finite dimensional vertex operator algebra

with dimension d < co. Define the product

u-v=Y(u,x)v (2.39)

for all w,v € V. By the creation property and Lemma 2.8 we have

Y(v,2)1 =lim Y (v,2)1 = v, (2.40)

z—0

in other words v-1 = v. We also get 1-v = 0 directly from the vacuum property, therefore
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1 is an identity for -. The associativity property for the scalar multiplication in C obviously

holds since Y (-, z) is linear. Now we need to check that - is commutative. We have

u-v=Yu,x)v=Y(u,2)Y(v,2)1 =Y (v,2)Y (u,2)1 = Y(v,2)u =v - u. (2.41)

Associativity (i.e. Y(u-v,2) = Y(u,z)Y (v,x)) follows from the iterate formula (Lemma
2.11). Therefore V is a commutative associative algebra with identity 1 under the product
- and the usual addition for V' as a vector space.

Now we check that an isomorphism of finite dimensional vertex operator algebras is also
an isomorphism of their associated commutative associative algebras with identity. Recall

that a vertex operator algebra homomorphism is a linear map f : Vi — V5 such that

fM(u, z)v) = Ya(f(u), 2) f(v) (2.42)

for all u,v € Vi [LLO4, 98]. Using the definition of the product u - v = Y (u, z)v, we can

rewrite this condition as

flu-v) = f(u)- f(v). (2.43)

f is linear, so the conditions f(u +v) = f(u) + f(v) and f(Au) = Af(u) where u,v € V3
and A € C apply to both vertex operator algebra isomorphisms and associative algebra
isomorphisms. Finally, if we let the vacuum vector 1 be the multiplicative identity, the
condition f(1) = 1 is the same for V; and V5, as both vertex operator algebras and as
commutative associative algebras with identity. Thus f : Vi — V5 is also an isomorphism
of V1 and V5 as commutative associative algebras with identity. The properties can clearly
be reversed if we start with an isomorphism of algebras instead, showing the equivalence of

the isomorphism classes. O
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2.4 Example: V =C

As a concrete example, we will now consider the case V = C. First we will show that V'
can be given the structure of a vertex algebra, then that of a vertex operator algebra by
satisfying additional axioms. It turns out that this is the simplest type of example, along
with other finite dimensional cases, since it satisfies the Jacobi identity in the most trivial

way, which becomes a simple identity of the formal delta function (Theorem 1.31).

Theorem 2.13. Define Y (-,z) : C — (End C)[[z,z']] by sending v — v =", va™ "1
where v, = v if n = —1 and v, = 0 if n # —1. Then (C,Y, 1) has the structure of a vertex

algebra.

Proof. We have
Y(u,x)v =uv € C C C((x)), (2.44)

showing the truncation condition is satisfied. We also confirm that the vacuum property
holds:
Y(l,z)=1 (2.45)

by definition. Next we check the creation property. We have

Y(v,2)l =vl=v e C C C[z]] (2.46)
and

lim Y(v,z)l = lim vl = vl = v, (2.47)

z—0 z—0

showing the creation property holds. Lastly, we show that the Jacobi identity holds. We
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have

) <$1 — x2) Y (u,21)Y (v, 22) — 2518 <x2 — :171) Y(v,22)Y (u, x1) (2.48)
o —Z0
= xalé <x1 — 332) uY — xalé <m2 — a:1> VU = UV [xald (xl — x2> — xalé (xg — xl)}
Lo —Z0 o —Zo
(2.49)
and

) <$1 — x0> Y (Y (u, w0)v, 29) = 25 10 <931 — x0> Y (uv, 23) = uvry 1o (xl — xO) .

X9 Z2 )
(2.50)

Equality of (2.48) and (2.49) follows immediately from the equation

=) <$1;()””2> — a6 <x2_;0”1> = 2516 (“;2”30> , (2.51)

stated in Theorem 1.31. O

Now we will show V = C can also be given the structure of a vertex operator algebra.

Theorem 2.14. Consider the vertex algebra (C,Y, 1) from before and set w = 0 € C. Then

C is a vertex operator algebra with central charge ¢ = 0.

Proof. We give V = C the grading

V=P Vi (2.52)

neL

where V(o) =V and V) = 0 for n # 0. Then dim V(g) =1 < oo and dim V{;;) = 0 < oo for

n # 0. We also see that V(;,) =0 for n <0. We have 1 =1 € C = V(g) and w =0 € V(3.
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We find that L(n) = 0 for all n € Z since

0=w=Y(w,z)= Z L(n)z™""2 (2.53)
neL
We then have
1
[L(m),L(n)]=0=0+0= L(m+n) + E(m3 — M)dmin0C (2.54)

where we set ¢ = 0. L(0) is compatible with the grading since

L(0)v =0v=0= (wt v) (2.55)

for all v € C. Lastly, we check that the L(—1)-derivative property holds with

d d
Y(L(-1)v,x) =0= i @Y(v,x). (2.56)
Therefore C is a vertex operator algebra with central charge ¢ = 0. O

2.5 Definition of a vertex algebra module

Now we will define the notion of a wvertex algebra module. As before, this definition applies

to any choice of base field k.

Definition 2.15 (Vertex algebra module). Let (V,Y,1) be a vertex algebra over an arbi-

trary field k. A V-module is then a vector space W together with a linear map

Y (-, z): V — (End W)([[z, z7!]] (2.57)
v Yy (v, ) = Zvnx_"_l (2.58)
nez
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for each formal variable x where v, € End W for all n € Z. The following axioms must
be satisfied: (1) the truncation condition Yy (u,z)w € W((x)), (2) the vacuum property

Y (1, z) = idw, and (3) the Jacobi identity

Tro — T1

) <x1$—0x2> Yiv (u, 1) Yiw (v, 22) — 2516 (

) Yw(v,$2)Yw(u,$1) (2.59)

= 2516 <"”1 - x0> Yir (Y (u, 20)v, 22).  (2.60)

T2
Now we note a general fact that every vertex algebra has a module, which we call the
adjoint module.

Theorem 2.16 (Adjoint modules exist). Let (V,Y, 1) be a vertex algebra. Define the linear

map

Yy(,,z): V — (End V)[[z, 2] (2.61)
v Yy(v,x) = Zvnx_”_l =Y (v,x) (2.62)
nez

Then (V,Yy) is a V-module. (This is often called the adjoint module.)

Proof. The condition u,w = 0 for n sufficiently large for u,v € V and w € W =V is
just the truncation condition for V', which is satisfied by our assumption that V is a vertex
algebra. The truncation condition and the vacuum property follow similarly by replacing

Yy in the expressions with Y. Therefore (V,Yy ) is a V-module. O

Definition 2.17. Let V be a vertex algebra. Let Wi and Wy be modules of the vertex
algebra V' (or V-modules where the term is unambiguous). A V-homomorphism 1 : Wi —

Wy is a linear map such that

»(Yw, (v, 2)w) = Yiw, (v, )1 (w) (2.63)
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for all v € V and w € Wj. We denote the space of V-homomorphisms W7y — Wy by
Homy (W1, Wa).

2.6 Definition of a vertex operator algebra module

Next we define the term module of a vertex operator algebra.

Definition 2.18 (Vertex operator algebra module). Let V' be a vertex operator algebra
over an arbitrary field k. In the case where k is a characteristic zero field, a V-module is a

module W for V viewed as a vertex algebra such that

W = @W(h), (2.64)
heC

where W,y = {w € W|L(0)w = hw}, the subspace of W of vectors of weight h, and such
that the grading restriction conditions dim W) < oo for h € C and W,y = 0 for h whose

real part is sufficiently negative. If k has prime characteristic, we replace the C-grading

with a Z/pZ-grading

W= B W, (2.65)
heZ/pZ
and remove the redundant requirement W) = 0 for h whose real part is sufficiently nega-

tive.

Remark 2.19. In the case where k has prime characteristic, perhaps imposing a Z/pZ-
grading is too restrictive compared to the C-grading from the characteristic zero case. We
wish to include adjoint modules as examples, so the grading should be over a field that
contains our choice of field for grading (that is, Z/pZ) in the definition of a vertex operator

algebra over a field of prime characteristic. The completion of the algebraic closure of Z/pZ,

—

denoted by Z/pZ, may be a more suitable choice as the prime characteristic analogue to

the C-grading choice. Recall that the completion of a metric space is the result of adding
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points so that all Cauchy sequences converge to some point in the space.

Remark 2.20. Let V be a vertex operator algebra. Let W; and Ws be V-modules, or
modules of V' as a vertex operator algebra. Then a V-homomorphism ¢ : Wi — Wy (as a
homomorphism of modules of V' as a vertex algebra) is compatible with the module grading

in the sense that

Y((W1)ny) € (Wa)(n) (2.66)

for all h € C. This is because the condition ¥ (Y, (v, x)w) = Y, (v, x)y(w) is equivalent
to Y(vpaw) = vpp(w) for all n € Z, and so 1 commutes with L(0). Thus, we get grading
compatibility “for free” and do not need any additional requirements to define a homomor-
phism of modules of a vertex operator algebra compared to the more general vertex algebra

case.

2.7 Classification of modules over finite dimensional vertex

operator algebras

Now we classify the modules of a finite dimensional vertex operator algebra V.

Theorem 2.21. Let V be a finite dimensional vertex operator algebra. A vector space W
is a module of the vertex operator algebra V if and only if W is finite dimensional with
the C-grading (or Z/pZ-grading in the prime characteristic case) defined by Wy = W
and W,y = 0 for h # 0, Y (-, ) is constant, [V (u, 1), Y (v,22)] = 0 for all u,v € V,
Yw (1, 2z) = idw, and Yy (u-v, z) = Y (u, z) Yy (v, ). Moreover, the isomorphism classes of
such modules are equivalent to the isomorphism classes of modules over V' as a commutative

associative algebra with identity.

Proof. Let W be a module of the vertex operator algebra V. Then W has a C-grading

W =P Wa (2.67)
heC
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or a Z/pZ-grading

W= P W (2.68)
heZ/pZ

in the case where k has prime characteristic where

by the linearity of Yy (-,x) and the fact that L(0) = 0. Thus we have W = W and
W) = 0 for h # 0. By the grading restriction conditions we have dim W = dim W) < oo.

Using the result

Y (L(—1)v,z) = %Yw(v,x) (2.70)

from [LLO4] and the fact that L(—1) = 0, we have

d

—Y; =0 2.71
T Yw(v, ) (2.71)
for every v € V. The last part of this direction of the proof is analogous to the trick
involving the Jacobi identity in the proof of the previous theorem. We take the formal

residue with respect to zg of both sides of the Jacobi identity, getting the left-hand side

Rossy 178 (71222 ) Yiv o) Vi (0 2) — 70 (2250 ) Vi)V ()|

(2.72)

= Resy, [xalé <m1;$2)] Yw (u, x1)Yw (v, z2) — Resg, {xglé (W)] Yw (v, z2) Y (u, z1)
0

Zo

(2.73)

= Yw(u,z1)Yw (v, x2) — Yy (v, 22)Yw (u, x1) = [Yiw (u, z1), Yiv (v, 22)] (2.74)
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and the right-hand side

Resg, [x,;la (9“;29”0) Yir (Y (u, 20)0, xg)} = Res,, [%—15 (“”1;2”’0” Yiv (Y (u, 20)v, 2)

(2.75)
- [Resm (xgla (“;f)) ~ Resy, <x515 (W))] Yiv (Y (u, z0)v, 22)  (2.76)
= (1 = 1) Y (Y (u, 20)v, 2) = 0. (2.77)

Thus we get [Y (u,z1),Y (v,22)] = 0.
Now assume W is a finite dimensional vector space equipped with a linear map Yy (-, z) :
V — (End W)[[z, 2~ 1]] satisfying
iYW(U,:C) =0, (2.78)
dx
[Yw (u, x1), Y (u, z2)] = 0, and Yy (1,2) = idy for all u,v € V. Also give W the C-grading
defined by Wy = W and W3, = 0 for h # 0. Since L(0) = 0 and Yy (-, ) is linear, L(0)w =
0, we see that the W;,)’s satisfy the definition. Since W is finite dimensional, we also satisfy
the grading restriction conditions dim W) < oo for h € C and W(;) = 0 for h whose real
part is sufficiently negative. Since Yy (-,2) does not depend on the formal variable z, it

clearly satisfies the truncation condition, and the vacuum property also holds by hypothesis.
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The last property to check is the Jacobi identity. Using [Yi (u, x1), Yiv (v, x2)] = 0, we have

o — I1

zg ' (xl . x2> Yiv (u, 1) Yy (v, 22) — 256 (

) Yw (v, x2)Yw (u, 1) (2.79)
o

T2 — 21

— arglé <$1 _ x2> Yw (u, z1)Yw (v, x2) — xglé <

Lo

) Yw(u,xl)Yw(v,xg) (280)

—Zp

Lo —Z0

= [%15 <”””1 - “) — a6 <x2 - xl)] Yiv (u, z1)Yiv (v, 22) (2.81)

xr1 — o

= 2515 (””;f) Yiv (u, 1) Vi (v, 22) = 25 16 < ) Yiv (u, 2)Yir (v, 2)  (2.82)

T2

= 2515 <x1 - xo) Yiv(u-v,2) = 2510 (‘”1 - xo) Yir (Y (u, 20)v, 22), (2.83)

T2 x2

showing the Jacobi identity holds. Therefore W is a module of the vertex operator algebra
V.

Now we show that the isomorphism classes of modules over the vertex operator algebra
V' are equivalent to isomorphism classes of modules over V' as a commutative associative
algebra with identity. Let ¢ : W7 — W5 be an isomorphism of modules of the vertex

operator algebra V. Then defining the action of V' on W by

v-w = Yy, (v, z)w (2.84)

and the action on Wy by
v-w = Yy, (v, x)w, (2.85)

we see that the condition
Yw-w+v w)=v-P(w)+ 0 P (2.86)
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is equivalent to

(Y, (v, 2)w + Yy, (v, 2)w') = Y, (Y (w), ) + Y, (v (w'), x). (2.87)
Since 9 is an isomorphism of vertex operator algebra modules, we have
(Y, (v, 2)w + Y, (v, 2)w") = (Y, (v, 2)w) + (Y, (v, 2)w') (2.88)

= Y, (v, 2)Y(w) + Y, (v, ) (w') (2.89)

by the linearity of 1) and the homomorphism property. Therefore the isomorphism of vertex
operator algebra modules is also an isomorphism of their structures as modules of V' as a

commutative associative algebra with identity. O

2.8 Example: Modules over V =C

Returning to our V = C example, we will classify the modules of V' as a vertex algebra,

then V as a vertex operator algebra.

Theorem 2.22 (Classification of C-modules (of the vertex algebra)). Any C-module is of

the form (W, Yyy') where W is an arbitrary vector space and Yy (-, z) : C — (End W)[[x, z71]]

sends u — u idyy.

Proof. Let (W,Yw) be a C-module of the vertex algebra C. Since Yy (-, ) is linear, it is
determined by Y (1,z). Recall that the vacuum property states that Yy (1,z) = idy.

Then the map Yy (-, z) : C — (End W)[[z,27!]] can only be described by u + w idy. O

Theorem 2.23 (Classification of C-modules (of the vertex operator algebra)). Any module
of the vertex operator algebra C is of the form (W,Yy,) where W is an arbitrary finite

dimensional vector space and Yy (-, ) : C — (End W)[[z, 27 1]] sends u + u idy.
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Proof. We have the grading

W =P Wa (2.90)
heC

where W) = W and W,y = 0 for h # 0. Note that dim W) < oo since W is finite
dimensional and dim W) = 0 < oo for h # 0. In particular, we also have dim W) < oo

for h whose real part is sufficiently negative. Therefore all the modules of the vertex algebra

C are also modules of C as a vertex operator algebra. O

2.9 A remark on the physical interpretation

One would reasonably ask what the point is in using such complicated definitions. A vertex
operator algebra provides a space of states together with operators Y (-, x) that allow for
the computation of observables in quantum field theory. The world represented by a finite
dimensional vertex operator algebra is a vacuum, since an observable of a particle (even a
free one) requires an infinite dimensional Hilbert space of states. Naturally, in such a world

the central charge is zero, and the creation/annihilation operators L(n) for n € Z are zero.
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Chapter 3: Conformal blocks and correlation functions of

finite dimensional vertex operator algebras

In this chapter I will construct and classify the conformal blocks in the finite dimensional
vertex operator algebra case. I will be using the definition described in [FBZ04] throughout

the chapter. Note that these results only apply to the case k = C.

3.1 Definition in the general case

In the following construction we use the definitions and similar notation to what is given
in [FBZ04]. Let V be a finite dimensional vertex operator algebra. Let O = C[[z]] and
Aut O = Aut C[[2]]. Let X be a smooth complete (projective) curve and let x € X. We
denote the abstract disk at x by D, = Spec @x, where O, is the completed local ring of X
at x € X. Let IC, denote the field of fractions associated with @m, and define the punctured

disk D = Spec K,. Now we will define the notion of coordinates on D,

Definition 3.1. A coordinate on D, is a local parameter at . We then denote by Aut,

the set of coordinates on D,. Also define

Autyx = {(z,ty)|r € X, t, is a local parameter at z}. (3.1)

Define Der O = C[[2]]0, where 0. denotes the partial derivative with respect to z. Next
we will define objects V, for each point z € X which are the fibers of the vertex operator
algebra bundle V associated with X and the vertex operator algebra V. Note in the following

that Aut O has a natural group action on Aut,, making it an Aut O-torsor.

Lemma 3.2. The group Aut O acts naturally on Aut,, making it into an Aut O-torsor.
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Proof. We will first prove O, = O, ~ C[[z]]. Recall that X is a smooth projective curve,
and z € X is a point. The local ring O, consists of the regular functions, each in some affine
neighborhood of x. By definition such functions are polynomials in a coordinate z in some
affine neighborhood around z, implying O, ~ C][z]]. Now we determine the completed local
rings O,. Assign to each f € @, the sequence of residue classes &, = f +m? € Op/ml. Let
Opi1 2 Op/m2Tt — O, /m? be the quotient map. Since m, = (2), we have &, = f + (2")
and 0,41 is the quotient map O, /(z"*') — O,/(z") for all n. Using the method described

in [SR94, 103], we see that sequences for any f € O, are precisely the compatible sequences

required (that is, satisfying 6,,4+1({n+1) = &n), and so O, = O, for all x € X. Hence

N

O, = C][#]] for all z.

We then get a right action of Aut O = Aut C[[z]] on Aut, by

u-g = g(u) (3.2)

for ¢ € Aut O and u € Aut,. Now recall that in order to show Aut, is an Aut O-torsor
under this action, we need to show that given w,u’ € Aut, there exists a unique element
g € Aut O such that u-g=u'.

It is enough to show that Aut, ~ C — {0}, as a suitable automorphism g would be
uniquely represented by the complex number g = u//u for u # 0 (here g is determined by
where it sends z by the homomorphism property, and uniqueness would then follow by g(u)
being a linear function for u € C — {0}). Recall that local parameters at = are functions
Ui, ..., u, € Oy that satisfy u; € m, for all 1 <i < n, and the images of uq, ..., u, form a
basis for m,/m2 (see [SR94, 98]). Note that m,/m2 = (z)/(2%) ~ C as a vector space, so a
single local parameter at x can form a basis. Then a local parameter u at x has the form

u= Az € my with A € C and X # 0, therefore Aut, ~ C — {0}. O

Definition 3.3. Given our vertex operator algebra V which is also an Aut O-module, define
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V., to be the Aut,-twist of V:
Vi, = Auty Xaut 0 V. (3.3)

Definition 3.4. Define the vertex operator algebra bundle over X, denoted V), to be the
Autx-twist of V:

V= Autx Xaww o V. (3.4)

Now we will introduce the Lie algebras U(V') and U(V,). This content is included for
completeness and the reader is encouraged to refer to [FBZ04| as a reference; we do not
prove the details in the general case but derive the results in the finite dimensional case and
prove the simplified results.

The following definition is intended to adapt the idea of a translation operator used in
the definition of a vertex algebra given in [FBZ04]. This is similar to the L(—1)-derivative
property, and in our more restrictive notion of a vertex operator algebra, the axioms for a

vertex algebra used in [FBZ04] are satisfied.

Definition 3.5. Let V be a vertex operator algebra. A translation operator is a linear map
T :V — V such that
[T,Y (A, 2)] =0.Y(A,z) (3.5)

and T1 = 0.
Now we are ready to define U(V).

Definition 3.6. Consider the linear operator

0=T®idy +idy ® 0 (3.6)

on V® C((t)). Then define U(V) to be

UV) = (Ve C((t)/Im d. (3.7)

Remark 3.7. We will describe the Lie algebra structure on U(V) from [FBZ04]. Let
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A®t" €V ®C((t)). Denote its image under the projection
VeC((t) = (VeC((t))/Imo=UV)

by Ap,. Now define [-,-] : U(V) @ U(V) — U(V) by

n>0

where A,, € End V is the nth coefficient in the series

Y(A,2) =) Apz " e V[[z,27M). (3.9)
nez

We claim this bracket makes U(V') a Lie algebra.

Now to a Zariski open subset ¥ C X we introduce a corresponding Lie algebra Us (V')
associated with the vertex operator algebra V. In order to do this we first need to define
a cohomology theory similar to de Rham cohomology (in fact, this will turn out to be the

same in the finite dimensional case).

Remark 3.8. H'(V) ~ (V ® Q)/Im d, referring to the following complex where p €

(DX, V) and dp € T(DX,V ® Q).

0 s Y 4 v —— 0
12 d,uT
DX DX

Definition 3.9. Let ¥ C X be a Zariski open subset. Define

Us(V) = D(E, H'(V)), (3.10)
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where H'(V) is the first cohomology of the complex described in Remark 3.8.

Next we define the Lie algebras U(V;) and Us(V,) for x € X and a Zariski open subset
Y CX.

Definition 3.10. Let x € X and let ¥ C X be a Zariski open subset. We define

U(V,) =T(DX, H' (V). (3.11)

There is a homomorphism Us,(V') — U(V,) induced by the restriction of sections from ¥ to

D}. Call the image of that homomorphism Us(V,).
Finally we are ready to define the space of conformal blocks.

Definition 3.11. The space of conformal blocks associated to (X,x,V) is the space of

Ux —{z}(Vz)-invariant functionals on V,:

C(X,2,V) = Homy, . (v,)(Vs, C). (3.12)

Remark 3.12. One may wonder why the cohomology H'(V) is involved in the definition of
Ux_{2} (V.) and consequently the space of conformal blocks. This is because the correlation
functions can be calculated in terms of a basis of the space of conformal blocks, and since
the correlation functions are global objects (keeping track of the curve X), so too are the
conformal blocks. The correlation functions are clearly not local since pairs of points can
be chosen anywhere on X, and do not have to be restricted to a neighborhood.

The question of why specifically the cohomology theory given by H*(V) is more challeng-
ing to answer. Roughly, the conjectural picture is that this particular cohomology theory
is necessary in order to derive the Ward identities (complicated relations the correlation
functions of a conformal field theory must satisfy). In particular, we conjecture that in
this setting the Ward identities are equivalent to the Ux_ ¢,y (Vs )-invariant condition in the

definition of the space of conformal blocks.
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3.2 The finite dimensional case

We note that in the finite dimensional case the definitions of V, and V trivialize, i.e. V, =V

for all x € X so that V becomes the trivial bundle X x V.

Lemma 3.13. If V is a finite dimensional vertex operator algebra, then V, =V for every

zeX.

Proof. Let x € X. We have by definition

Ve = Auty Xauwt 0 V = (Auty x V) /{(s - g,v) ~ (s,gv)Vs € Aut,,g € Aut O,v € V}

(3.13)

= (Auty x V) /{(s- g,v) ~ (s,v)Vs € Aut,,g € Aut O,v € V} (3.14)
= (Aut, x V) /{(s',v) ~ (s,v)Vs,s" € Aut,} =V. (3.15)
O

Lemma 3.14. If V is a finite dimensional vertex operator algebra, then V =X x V.

Proof. Similar to the proof of the previous lemma, we have

V = Autx Xau 0V = (Autx x V) /{((z,s) - g,v) ~ ((z,s),gv)¥(x,s) € Autx,g € Aut O,v € V'}

(3.16)

= (Autx x V)/{((z,5) - g,v) ~ ((x,5),v)Vs € Autx,g € Aut O,v € V} (3.17)
= (Autx x V)/{((z,s),0) ~ ((z,5),0)Y(z, 5), (x,8') € Autx} = X x V. (3.18)
]

Lemma 3.15. Let V be a finite dimensional vertex operator algebra. Then if T:V — V

is a translation operator, T' = 0.
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Proof. Let v € V be an arbitrary vector and let T': V' — V be a translation operator. Since
V is finite dimensional, 0,Y (v,z) = 0 and so T commutes with Y (v, z). By the creation

property we have

Tv=T liH(l) Y(v,2)1 =TY (v,2)1 =Y (v,2)T1 =Y (v,2)0 =0, (3.19)
z—

showing that T' = 0. O

Lemma 3.16. Let V be a finite dimensional vertex operator algebra. Then
UWV)=(VeC((t))/Im(idy ® ). (3.20)

Proof. Follows immediately from 7" = 0. O

We define a Lie bracket on U (V') as follows based on the definition given in the previous
section. Note that the notation A, refers to End V-valued coefficients in the expansion of

Y (A, z). See [FBZ04, 44, 63-64], where these are called “Fourier coefficients”.

Lemma 3.17. Let A® " € V ® C((t)). Denote its image under the projection
VeC((t) = (VeC((t))/Imd=UV)
by Ap,. Now define [,-] : U(V) @ U(V) — U(V) by
[Appy> Bpg] = 0. (3.21)

This gives U(V') the structure of a Lie algebra.

Proof. The result immediately follows from the elementary fact that any vector space

equipped with the trivial bracket is a Lie algebra. O

Remark 3.18. We will describe where the statement of the above lemma comes from, by

deriving the Lie algebra structure on U (V') from what is described in [FBZ04]. Let A®t" €
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V ®C((t)). Denote its image under the projection V@ C((¢)) — (V®C((t)))/Im 0 =

by Ap,. Now define [-,-] : U(V) @ U(V) — U(V) by

m
[Apys Bl = > (n> (An  B)pmsk—ns

n>0

where A,, € End V is the nth coefficient in the series

Y(A,2) =) Apz " eV[[z,27 ).

ne”Z

Since V is a finite dimensional vertex operator algebra,

d
—Y (A =0
dz (4,2) ’

and so Y(A,z) = A_; € End V. We then have

[Apgs Bl = Y <ZL> (An - B)jmshn] = Y (:3) (0 B)mtk—n]

n>0 n>0

:::E: (7:>Ohn+k—n}::07

n>0

showing that U(V) is equipped with the trivial bracket.

uv)

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

Theorem 3.19. Let V be a finite dimensional vertex operator algebra. Let ¢ be a coordinate

at x € X. Then
UVy) ~UV)=(VeC((t))/Im(idy ® ).

(3.27)

Proof. Let d : V — V ® Q) be the boundary map from de Rham cohomology. Let t be a
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coordinate at x € X. We want to show that

T(DX, Hix(V)) ~V @ C((t)/Im(idy @ 0). (3.28)
Consider the complex
0 % d vy QRO ——0
12 d,uT
Dx Dx

where p € I'(D), V) and dp € I'(D,V ®€Q) are sections of the bundle V over X. Note that

Im d consists of the exact forms on V by definition. Consider the quotient map

p: V2= (VeQ)/Ind

Since d?(p) = 0 for p € V, we see that every element of V ® (2 is a closed form, hence we
make the identification (V ® Q)/Im d ~ Hj (V).

Now we write p(t) and du(t) in terms of their factors. We write u(t) = (A(t), B(t)) €
Y =X xV. Let 7 : ¥V — X denote the projection map for the bundle V over X. By
definition of a section over a bundle, p : DY — V satisfies w(u(t)) = ¢ for all ¢t € Dy
and is continuous. That is, 7(u(t)) = w(A(t), B(t)) = A(t) = t, and so p has the form
wu(t) = (t,B(t)). Note that after choosing a coordinate ¢ at x, we have d = 9, ® dt. It then
follows that du(t) = (1,0;B(t)) ® dt € V @ Q.

We also have the map into cohomology given by
D(D;,V) = D(D;, Hip(V)) (3.29)
p [ = p+dI(Dg, V). (3.30)
Now we use this description of the sections to write down a map U(V,) — U(V). Since

the definition of a section forced A(t) = ¢, intuitively the X factors out of U(V,). Define
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the map
p: (DS Hip(V) = V @ C((t))/Im(idy ® ;) (3.31)

i [B(t)®1] = B. (3.32)

One can see that it’s clearly an isomorphism. The factor C((¢)) indeed must be truncated
in order to ensure the continuity of the sections, since we are working over the punctured

disk D> 0

Remark 3.20. The argument in the proof above for X to factor out can be extended to
the case where V isn’t a trivial bundle. This is since the sections u € I'(D}, H:5(V)) are
local, and so the bundle need only be locally trivial for the argument to stand. Fortunately,
V is a locally trivial bundle in general, although here we only consider the case where V is

a finite dimensional vertex operator algebra and as a result V is the trivial bundle X x V.

Remark 3.21. The “de Rham cohomology” from |[FBZ04] is not the literal de Rham coho-
mology in general, since the boundary map has an extra term when V is not commutative.
In the general case, define the cohomology using the abstract definition with the provided
flat connection and complex. Note that in the case where V is a finite dimensional vertex
operator algebra, the cohomology is the literal de Rham cohomology since the L(—1) term

vanishes but the d remains in the expression for the connection.

Having shown the identification U(V,) ~ U(V), we can induce a Lie algebra structure
on U(V,) from the Lie algebra structure on U(V'). This is trivial in the finite dimensional

case since U(V) is a trivial Lie algebra.
Lemma 3.22. U(V;) is a Lie algebra with the trivial bracket.

Proof. As in the result for U(V), this follows immediately from the fact that any vector

space equipped with the trivial bracket is a Lie algebra. O

Now we can get a Lie algebra structure on Ux (V') where ¥ C X is a Zariski open subset.
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Lemma 3.23. Let ¥ C X be a Zariski open subset. Ux(V) is a Lie algebra with the trivial

bracket.

Proof. Same as before; Us;(V') is a vector space and so can be given the trivial bracket to

make it a Lie algebra. O

Remark 3.24. Let V be a finite dimensional vertex operator algebra. Recall from [FBZ04,
156-157] that the restriction of sections from a Zariski open subset ¥ C X to DJ for a
suitable point x € X yields a Lie algebra homomorphism Us(V) — U(V,). Thus we give
Us: (V) the trivial bracket since ¥ could be the punctured disk D), in which case the trivial
bracket is necessary to make the map a Lie algebra homomorphism by virtue of U(V,)

having the trivial bracket.

Now we construct the last Lie algebra Us(V,) that we are interested in for the case

where V is a finite dimensional vertex operator algebra.

Lemma 3.25. Let Us(V;) be the image of the Lie algebra homomorphism Usx(V') — U(V,).

Then this induces a Lie algebra structure on Ux(V;) with the trivial bracket.

Proof. Recall that the image of a Lie algebra homomorphism is a Lie subalgebra of the

codomain. In this case, Ux(V,) is a Lie subalgebra of U(V,). As a Lie subalgebra, Us(V,)

inherits the Lie bracket defined on U(V,), which is the trivial bracket. O

We will construct a linear function Y, : I'(D},V*) — End V,, then a dual map Y :
(DX, YV ®Q) — End V,, and finally a map ¢ : Us(V) — U(V,). The composition Y, o ¢

will then give us an action of U (V') on V.

Remark 3.26. Choose a coordinate t; on the disk D,. Then we have the isomorphisms

A~

O, ~ C[[t;]] and K; ~ C((tz)). By making these identifications we will be able to make

sense of the map 7’ : Spec O, — Spec K, as a restriction.

Remark 3.27. We obtain the map ¢ by restriction of sections from ¥ to D} . In the case

we are interested in, ¥ = X — {z}. The punctured disk D is thought of as missing the
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origin x, so it is contained in ». We have the following diagram showing the involved maps.

T
W&:ﬂ\m

Spec @z AN Spec I,

Recall that the K, = @x /My is the field of fractions associated with the complete local
ring @x, where m, is the associated maximal ideal. The map 7 : Spec O, — Spec K, is
induced by the map @x — @x /M, = KC; defined by u — u + m,. We then induce the map
¢ : D(S,HiY (V) = T(DX, Hip(V)) from ¢ in the above diagram. More concretely, ¢ is

defined by p +— ,u,\D; =po(¢) L.
YV, is defined by an equation given in Theorem/Definition 6.5.4 of [FBZ04, 114].

Definition 3.28. Let p € I'(D)f,V*) and ¢ € V*. Let z be a formal coordinate at z. Then

Y, : (D), V*) — End V, is defined by

P(Ve(p)0) = (Y (4, 2)v) (3.33)

where ¢ = (2,7) € V* and © = (2,v) € V.
We get the following result in our special case.

Lemma 3.29. Let p € T'(D),V*) be arbitrary. Y,(u) is the map V, — V defined by
Y (A, z), that is

Ve(p) - (z,v) = Y(4, 2)v. (3.34)

Proof. Since V is finite dimensional (say dimension d > 0), we can represent the element
¥ € V* by a d x d matrix A € Myy4(C). Then by linearity of the endomorphism Y, (u) of
V., we have
AVa(p) - (2,v) = AY (4, 2)v. (3.35)
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Recall that in the finite dimensional case the map Y (A, z) € End V (i.e. does not depend
on the formal variable z). Since the equation is satisfied for all A € Max2(C), we can set A

to the d x d identity matrix. Then

Va(p) - (2,0) =Y (4, 2)v. (3.36)

From the above equation it immediately follows that Y, (u) acts as the linear map Y (A4, z).
O]

We will need the following alternate use of residue map.

Definition 3.30. Let 2, denote the module of differentials on the punctured disk D;. Let

wy € 2, be a one-form given by the expression

we =Y fit'dt. (3.37)
€L
We define its residue as
Respw, = 1. (3.38)

Next is the definition for ).

Definition 3.31. Define VY : U(V,) — End V, by

p= O, = Res, Vo (1). (3.39)

Now we are ready to work out )Y in our particular case. We have the following result.
Lemma 3.32. Let u = A® 2"dz € T'(D},V*) be arbitrary. Then Y (u) = 0.

Proof. By definition we have

Vi (1) = Resy Yo () = 0, (3.40)
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since the endomorphism ), (x) does not depend on z. O
Now we are ready to prove our result.

Theorem 3.33. The space of conformal blocks is given by
C(X,z,V)=F(V,C), (3.41)

where F(V,C) denotes the one dimensional space of constant functions V' — C.

Proof. Recall that U X_{x}(Vx) acts on V, via the composition ) o ¢ which gives an en-

domorphism of V,. Since ) is the zero function, the action sends every element of V, to

zero. Recall the definition of the space of conformal blocks,
C(X,z,V) = HomUX_{w}(vx)(Vx,C). (3.42)

Elements of this space are Ux_ (5} (Vz)-invariant functionals, i.e. a functional 7:V, — Cis

an element of C'(X,z,V) if and only if

p-7(0) =7(0) (3.43)

for all p € Ux_y53(Vz) and © € V,. This is equivalent to the condition

T((Vy 0 9)(0)) = 7(D), (3.44)

which is equivalent to the condition 7(0) = 7(9) for all o € V, since Y/ is the zero function.

Therefore the elements of C(X,z, V) are precisely the constant functions V, — C, and so

C(X,z,V) = F(V,C). (3.45)
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3.3 N-point conformal blocks with module insertions

This section will follow the definitions given in Chapter 10 of [FBZ04]. The following is
an analogue of the space of conformal blocks defined previously for multiple points. Note
that the notion of a “vertex operator algebra module bundle” simply involves applying the
construction of a vertex operator algebra bundle given in Section 3.1 to modules. We get
analogous results for the modules in the finite dimensional vertex operator algebra case

since the maps Yj;(+, z) don’t depend on the formal variable z, as shown in Chapter 2.

Remark 3.34. We will extend the action of Us;(V') on V given by the map ),/ to an action of
Us;(V') on a tensor product of vertex operator algebra module bundles. We obtain analogues
of the map Y for each module bundle M, ,,, denoted by y]\\/%zl : U(Vy;) = End M, 4,.

We then obtain the action using

N N
i=1 i=1
and a map
N
Us(V) = P UV, (3.47)
i=1
induced by the tuple of restrictions of sections
N
L(s,H' (V) = @D, H' (V). (3.48)
i=1

Definition 3.35. Let V be a vertex operator algebra, X be a smooth projective curve,
and ¥ = X — {x1,...,zn} a Zariski open subset of X. Let Mj,..., My be modules of
the vertex operator algebra V. Let M;y,..., My denote the associated vertex operator

algebra module bundles, and My 4, ..., My 4, their corresponding fibers. Then we define
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the associated space of conformal blocks to be

N
Cv (X, (z:), (M;)){L, = Homyy (v <® Mi,xia((:) : (3.49)
i=1

Remark 3.36. The above definition in the case N = 1 where M is the adjoint module of

V' is the notion of the space of conformal blocks considered in previous sections.

We have the following analogous result for finite dimensional vertex operator algebras

based on the argument for the simpler case shown before.

Theorem 3.37. Let V be a finite dimensional vertex operator algebra. The space of

conformal blocks is given by

N
Cv (X, (), (M)Ly = F (@ M; <C> : (3.50)

=1

where as before F (®Z]\L 1 M;, (C) denotes the space of constant functions ®Z]\L 1 M; — C.

Remark 3.38. Note that in the above result the space of conformal blocks does not depend
on X or the choice of points (z;), since the bundles M; = X x M; are trivial as in the simpler
case with a single point.

3.4 Correlation functions

Other objects of interest are the correlations functions.

Definition 3.39. Let V be a vertex operator algebra. Let A;,..., A, € V. Forany ¢ € V*,

and any permutation o of n elements, the formal power series of the form

<¢7 Y(Aa(l)a Za(l)) T Y<A0(n)7 Zo(n))1> (351>
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are the correlation functions.
We have the following simplification in the finite dimensional case.

Theorem 3.40. Let V be a finite dimensional vertex operator algebra. Then the correlation

functions have the form

P(Ag(1) Ag(n))s (3.52)

where ¢ € V* ¢ is a permutation of n elements, and Ay,..., A, € V. The product of the

A;’s is the product of V' as a commutative associative algebra.

Proof. We directly compute an arbitrary correlation function as

(0, Y(As(1)s 201)) - Y (Aon)s Zom))1) = (&, As(1) - Aon)1) (3.53)
= ¢(As0)  Aon))- (3.54)
O

Remark 3.41. Note that in the finite dimensional case, elements of the form

Y(AU(1)7 Zcr(l)) e Y(Aa(n)v Zcr(n))]- (355)

generate V', and so the correlation functions (¢, ) are the constant functions V' — C.
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Chapter 4: Review of infinite dimensional Lie algebras

The purpose of this chapter is to review the material concerning Lie algebras necessary to
fill in the relevant details to the construction of the vertex operator algebra associated with

the slo(C) WZW model in the non-critical case.

4.1 The simple Lie algebra sl,(C)

We recall that sl(C) is the set of traceless 2 x 2 matrices with complex entries. The
following is a review of the Lie algebra sly(C); a good reference for the material covered

here is [HT03]. As a vector space slz(C) has a basis

that we will be using throughout this section.
We will use the following definition of a finite dimensional real or complex Lie algebra

from [HT03] and show that sl3(C) is a Lie algebra.

Definition 4.1. A finite dimensional real or complex Lie algebra is a finite dimensional
real or complex vector space g, together with a map [,+] : g X g — g such that (1) [-,] is
bilinear, (2) [+, ] is skew symmetric ([X,Y] = —[Y, X] for all X, Y € g), and (3) the Jacobi
identity holds:

(X, [V, Z]] + [V, [2, X]] + [2,[X, Y]] = 0 (4.2)
forall X,Y,Z € g.
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Theorem 4.2. sly(C) is a complex Lie algebra with the bracket [X,Y] = XY —Y X for all

X,Y € sly(C).

Proof. First we check that the bracket is bilinear. Let A\, \’ € C. Then
ANX+ XY, Z] = DX +XY)Z - ZOX + NY)=AXZ+ NYZ - A\ZX - NZY  (4.3)

= NXZ - ZX)+N(YZ—=2ZY) = A[X, Z] + N]Y, Z] (4.4)

and

[ZAX + XY= ZAX +NY) - AX + NV Z = XZX +NZY —AXZ - NYZ (4.5)

= NZX - XZ)+ N(ZY =Y Z) = \[Z, X] + N[Z,Y] (4.6)

for every X,Y, Z € slp(C). Nest we check that the bracket is skew symmetric. We have

[(X,Y]=XY -YX =—(-XY 4+YX)=—(YX - XY) = [V, X] (4.7)

for all X, Y € sly(C). Lastly, we check that the Jacobi identity holds. We have

(X,[Y, 2]+ [V, [Z. X])| + [Z,[X,Y]| = [X,YZ — ZY] + [V, ZX — XZ] + [Z, XY — Y X]
(4.8)

= [X,YZ] - [X,ZY]|+ Y, ZX] - [V, X Z]) + |2, XY]| - [Z,Y X] (4.9)

= (XYZ-YZX)—(XZY = Z2YX)+ (YZX — ZXY) + (ZXY - XYZ) - (ZYX - Y X Z)

(4.10)

=XYZ-YIZIX - XZYHIZYX+YIZX —ZXY +ZXY - XYZ-ZYX+YXZ=0.
(4.11)

Therefore sl3(C) is a Lie algebra. O
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Note that the above proof generalizes to any Lie algebra g where the bracket is defined
by [X,Y]=XY —YX forall X,Y €g.

4.2 The affine Lie algebra sl,(C)

Set theoretically, we define sly(C) as
5l5(C) = (slo(C) ®@¢ C[t, t71]) @ Ck (4.12)

where k is a nonzero central element of ﬁ[g(C). The part in the parentheses is the loop

algebra associated with sly(C):
L(sl(C)) = sly(C) ®c C[t, t71]. (4.13)

One can show that sly(C) is an infinite dimensional complex Lie algebra with a suitable
choice of bracket. We have the following more general definition than in the previous

example of a Lie algebra.

Definition 4.3. A Lie algebra is a vector space g over a field F' with a binary linear
operation [,:] : g x g — g satisfying the following conditions: (1) [,-] is bilinear, i.e.
[ax + by, z] = alz, 2] + bly, 2] and [z, ax + by] = a[z, x|+ b[z,y] for all a,b € F and z,y, z € g,

(2) [x,x] = 0 for every = € g, and (3) the Jacobi identity holds:
[, [y, 2l] + [y [z, 2] + [2, [z, 9]] = O (4.14)

for all z,y, 2z € g.

Next we will show that sly(C) is a Lie algebra.
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Theorem 4.4. sly(C) is a Lie algebra with the bracket

[a®@t™ b@t"] = [a,b] @ " + mTr(ab)dminok (4.15)

defined in terms of the bracket for the Lie algebra sly(C) for all a,b € slo(C) and m,n € Z.
Proof. First we check bilinearity. Let A, € Cand a @ t*, b @t?,d @ t" € f:[Q(C). Then
MNa@t?) + Nbot!),dot"| =[Ma@tP),dt"]+ [N(bxt!),d®t" (4.16)

= ([Aa,d] @ t**" + pTr(Aad)Spir0k) + ([Nb,d] @ 7" 4 gTr(Nbd)Sg1r0k) (4.17)

= M[a,d] @ t**" + pTr(ad)dpirok) + N ([b,d] @ 97" + ¢Tr(bd)g+r0k) (4.18)
=ANaxt?,dot" |+ Nbot!,dot"] (4.19)

and
Aot Ma®@t?) + N(b@t)] = [dot", Aa® )]+ [do ", N(b®t9)] (4.20)

= ([d, \a] @ t" TP + rTr(d(Aa))Sripok) + ([d, N'B] @ t" 77 + rTr(d(N'D))driq0k)  (4.21)

= \N[d,a] @ t" P + rTr(da)d+pok) + N ([d,b] @ "9 4 rTr(db)d,+q.0k) (4.22)

=ANdet"a@tP] + N[dot",b®t9]. (4.23)

Note that in the above we interpret the definition of the bracket for non-pure tensors by
extending linearly. We also have

[a®t™ a®t™] = [a,a] @ "™ + mTr(aa)dm+m,ok (4.24)

=0 ® t*™ + mTr(a®)Sam 0k = 0. (4.25)
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Lastly, we show that the Jacobi identity holds for a @ tP,b @ t?,d @ t" € g[g((C). We have
[P [betl,dt']|+bhet!,[dota@ ]|+ [dt", [a®tP, b tl]] (4.26)

= [a @, [b,d] ® t97" + qTr(bd)Sgrrok] + [b ® 19, [d, a] ® 7P + rTr(da)dyspok]  (4.27)

+ [d®@t", [a,b] @ P79 + pTr(ab)dpyq.0k] (4.28)
= ([a®t?,[b,d] @ t97"] + [a @ t?, qTr(bd)dg+r0k]) (4.29)
+ (@t [d,a) ® "] + [b @ t4,r'Tr(da)drrpok]) (4.30)
+ ([d®t", [a,b] @ P79 + [d @ t", pTr(ab)Sptq.0k])- (4.31)

Now we evaluate each of the terms:

la®t?,[b,d] @t = [a,[b,d]] @ P " 4+ pTr(alb, d])ptqtr0ks (4.32)
bt [d a @t"P] = [b,[d,a]] @ T + qTr(b[d, a])dptq+r0k, (4.33)
[d®t",[a,b] @ P79 = [d, [a,b] @ t*TIT" + rTr(d[a, b])Sprqr ok, (4.34)
[a ® 7, qTr(bd)dg+r0k] = qTr(bd)dg4r0la @ t*, k] = 0, (4.35)
[b® t9, rTr(da)dripok] = rTr(da)dyipolb @t k] =0, (4.36)
[d®t", pTr(ab)dprq0k] = pTr(ab)dpiqold @ t", k] = 0. (4.37)
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Substituting these into the Jacobi identity results in
P, bt dRt']|+ pet,[dt,a@ ]+ [det", [a® b 9]
= [a, [b, d]] ® tPTHT 4+ pTr(alb, d))Op+q+r0k + [b,[d,a]] ® tpratr
+ qTx(b[d, a])0p s g 1r0k + [d, [a, 0] @ tPYTF 4 rTr(d]a, b])Ops g 4r 0k
= (la, [b,d]] + [b, d, a]] + [d, [a, b]]) ® tPTF
+ (pTr(alb, d]) + ¢Tr(bld, a]) + rTr(dla, b]))dptq+rok
= 0@ "t + (pTr(alb, d]) + qTr(b[d, a]) + rTr(dla, b]))dprqtr.0k
= (Tx(alb, d)) + TY(8(d,a]) + rTr(dla B))psqsrob
= (pTr(a(bd — db)) + qTr(b(da — ad)) + rTr(d(ab — ba)))dp+q+rok
= (pTr(abd) — pTr(adb) + qTr(bda) — qTr(bad) + rTr(dab) — rTr(dba))dptq+r,0k
= (pTr(abd) — pTr(adb) + qTr(abd) — qTr(adb) + rTr(abd) — rTr(adb))dptqtr0k

= ((p+q+7r)Tr(abd) — (p + q + r)Tr(adb))dp1q+r0k = 0.

Therefore sly(C) is a Lie algebra.

We also define a class of sly(C)-modules called the restricted sly(C)-modules.

(4.38)

(4.39)

(4.40)

(4.41)

(4.42)

(4.43)

(4.44)

(4.45)

(4.46)

(4.47)

(4.48)

Definition 4.5. Let W be a sly(C)-module, and let a(n) denote the operator on W cor-

responding to a ® t" € g[g((C) for each a € sl(C) and n € Z. W is restricted if for every

a € slp(C) and w € W, we have a(n)w = 0 for n sufficiently large.
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4.3 The Virasoro algebra

As a vector space, we define the Virasoro algebra to be

L = spanc{c, Lyn € Z}. (4.49)

Now we will show L is a Lie algebra.

Theorem 4.6. L is a Lie algebra with the bracket [-,:] : £ x £ — £ defined by [¢, L,] =0
and
[Lin, Lp]) = (m —n) Lyt + 1—02(7713 — M) Opm4n,0- (4.50)

Proof. Note that we extend the definition bilinearly to deal with general elements of L,

satisfying the bilinearity property. We have

= (n® = n)dnino = 0. (4.51)

[Lna Ln] = (TL - n)Ln+n + 12

3

Note that the second term is zero since d,,0 vanishes unless n = 0, in which case n° —n = 0.

Thus we satisfy (2) of Definition 4.2. Lastly, we will check that the Jacobi identity holds.
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We have

s o L)+ s L L) Lo (s L] = [ (0= P+ 5508 = )]

12

(4.52)
+ [an (T’ - m)LT+m + 1—02(’1“3 - T)(Srer,O} + [Lra (m - n)Lern + TCQ(mg - m)5m+n,0}

(4.53)
= (n —1)[Lm, Lntr] + (r —m)[Lyn, Ly1m] + (m — n)[Ly, Liptn) (4.54)
= (n =) ((m = (4 1) Ly 1) + 35 = M) 110 (4.55)
+(r=m) (0 = (04 M) L 4y + 750 = My (0 (4.56)
+ (m =) (= (m+ 1) Lo i) + 350 =1 gm0 (4.57)

2

= ((r* = n® +mn —mr) + (m? —r?> 4+ nr —mn) + (n®> —m? + mr — nr)) Lypyngr (4.58)

Cc

+ ((n=r)(m® —m) + (r = m)(n® = n) + (m = 0)(* = 1)) S bmtntro (4.59)
= ((m*n —mn — m>r + mr) + (0> — nr — mn® + mn) (4.60)
+ (mr® — mr —nrd + nr))l—c25m+n+r,o (4.61)
= (m*(n—7) + 1 (r = m) +13(m =) bnsniro (4.62)

If m +n+4r # 0, then the above expression evaluates to zero. Now consider the case
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m+mn+r=0. Then r = —(m + n) and we write the coefficient of the expression as

m3(n —r) +n3(r —m) +r3(m —n) (4.63)
=m3(n+ (m+n))+n*(=(m+n) —m) + —(m+n)*(m —n) (4.64)
=m3(m+2n) +n’(—n — 2m) — (m + n)*(m — n) (4.65)
= (m* + 2m3n) + (—n* — 2mn®) — (m® + n® + 3mn(m + n))(m — n) (4.66)

4

= (m* +2m3n) + (—=n* — 2mn3) — (m* — m3n + mn3 — n* + 3mn(m? —n?))  (4.67)

=m* +2m3n — nt — 2mn3 — m? + m3n — mn® 4+ ' — 3m3n + 3mn® = 0. (4.68)

We conclude that the Jacobi identity is satisfied since the expression is zero in either case.

Therefore L is a Lie algebra with the given bracket. O

We also define a particular class of modules of the Virasoro algebra called restricted

modules.

Definition 4.7. Let W be a module of the Virasoro algebra. W is restricted if for every

w € W we have L(n)w = 0 for n sufficiently large.

4.4 Construction of the universal enveloping algebra U (sly(C))

We construct the universal enveloping algebra of sly(C), denoted U (sl2(C), for completeness.
We will define it as the quotient of the tensor algebra T'(sl(C)) by an equivalence relation ~
defined in terms of the tensor product and the Lie bracket for sla(C). We have the following

relevant definitions.
Definition 4.8. The tensor algebra associated to sla(C), denoted T'(sl2(C)), is given by

Cea Psh(C)*™. (4.69)

n>1
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Definition 4.9. We can lift the bracket [-,-] : sl2(C) ® sla(C) — sla(C) to a bracket
[,-] : T(sla(C)) @ T(sl2(C)) — T(slz(C)) in the following way. Define the bracket on
5l5(C) ®s5l(C) — s13(C) as a®b—b®a = [a,b]. We then extend this definition recursively

using the following rules to get the bracket on T'(sl2(C)) ® T'(sl2(C)) — T'(sl2(C)):
[a®b,c]=a®][b,c]+[a,c]®b (4.70)
[a,b®c] =[a,b]®@c+b® [a,d]. (4.71)

Now define ~ by a @ b —b® a = [a, b] for all a,b € T(sl2(C)). Then we define the universal

enveloping algebra of sl3(C) to be the quotient

U(sl5(C)) = T(s15(C))/ ~ . (4.72)

4.5 Construction of the universal enveloping algebra U(sl,(C))

The next step is to construct the universal enveloping algebra U(sly(C)) in preparation for

defining Vi, (C)(Z, 0). We can define it as the quotient of the tensor algebra T'(sly(C)) by an

equivalence relation ~ defined in terms of the tensor product and the Lie bracket for sly (C).

We have the following definitions.

Definition 4.10. The tensor algebra associated to sly(C), denoted T'(sly(C)), is given by

T(slh(C)) = C & P sla(C)*". (4.73)

n>1

Definition 4.11. We can lift the bracket [-,-] : sl (C) ® sly(C) — sly(C) to a bracket
[,] : T(sla(C)) ® T(sly(C)) — T(slz(C)) in the following way. Define the bracket on

5l5(C) @ 5l5(C) — sl5(C) as a®b—b®a = [a,b]. We then extend this definition recursively
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using the following rules to get the bracket on T'(sly(C)) ® T'(sla(C)) — T(sly(C)):
[a®b,c]=a®[b,c]+[a,c @b, (4.74)

[a,b® c] = [a,b] ® c+b® [a,c]. (4.75)

Now define ~ by a @b —b® a = [a, b] for all a,b € T(sly(C)). Then we define the universal

enveloping algebra of sly(C) to be the quotient

U(sly(C)) = T(slo(CT))/ ~ . (4.76)

7



Chapter 5: General results of vertex algebra theory

In this chapter I follow the proofs given in [LLO4| of some basic results in vertex algebra
theory that will be necessary to construct the more complicated WZW model example of a

vertex operator algebra.

5.1 Weak commutativity and the Jacobi identity

In this section I will prove some results related to weak commutativity and the Jacobi

identity that are needed to show that Vg (1,0) is a vertex algebra.

Lemma 5.1. (Proposition 3.2.1 of [LL04]) (weak commutativity) For u,v € V, there exists

a nonnegative integer k such that
By (x1, —z2)[Y (u, 1), Y (v, 22)] = 0. (5.1)

Proof. We wish to make the expression on the right-hand side of the Jacobi identity vanish
by clearing a suitable formal pole. Let k& > 0. Multiplying the Jacobi identity by xlg and

then taking the formal residue Res;, gives

By(z1, —22)Y (u, 21)Y (v, 29) — Bi(z1, —22)Y (v, 22)Y (u, 1) (5.2)
= Resg x5 0 <x1x— xO) 2fY (Y (u, z0)v, T2). (5.3)
2
Then the result follows from choosing k such that u,v = 0 for n > k. O

Lemma 5.2. (Proposition 3.2.7 of |[LL04]) Let V be a vertex operator algebra and let

u,v,w € V and w’ € V' be arbitrary. We have:
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(a) (rationality of products) The formal series

(WY (u, 1)Y (v, z2)w) = Z (W', umogwyzy ™ ey (5.4)
m,neL

lies in the image of the map t19:
(W', Y (u, 21)Y (v, 22)w) = t12f (21, 22), (5.5)

where the uniquely determined element f € Clzy,z2]g is of the form

o g(z1,22)
f(xlaxQ) - (1'1 — $2)kxl1x§n (56)

for some g € C[x1, x| and k,l,m € Z, where k depends only on u and vj; it is independent
of w and w'.

(b) (commutativity) We also have

(W'Y (v,22)Y (u, z1)w) = 121 f (21, 22). (5.7)

Proof. Let k be a nonnegative integer such that the weak commutativity relation holds for

u and v. Then
Bi(z1, —z2){(w', Y (u, 21)Y (v, 22)w) = Br(x1, —22)(w', Y (v,29)Y (u, 1)w). (5.8)

The left-hand side involves only finitely many negative powers of x5, by the truncation

condition, and only finitely many positive powers of x1, by
wt v, =wtv—n—1. (5.9)

Similarly, the right-hand side involves only finitely many negative powers of x; and only
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finitely many positive powers of xo. Therefore by the equality both sides have only finitely
many positive and negative powers of both x; and x4, so each side is a Laurent polynomial,
that is, a formal Laurent series that is an element h(x1,x2) of C[:cl,xl_l, xo, xz_l]. Then the

rational function

h(l‘l,l‘g)
(71 — z2)*

fx1,29) = (5.10)

meets the conditions. O

Lemma 5.3. (Proposition 3.2.12 of [LL04]) (formal commutativity) Let V' and W be vector
spaces and suppose that we have a linear map Yy (-,z) : V. — (End W)[[z,271]]. Let
u,v € V,w e W, and w* € W*. Assume that the following truncation conditions hold:
Y (u, z)w € W((x)) and Y (v,z)w € W((x)). Assume also that weak commutativity
holds for the pair (u,v) acting on the vector w, i.e. there exists k € N depending only on u
and v such that

Bk(m'l,—xg)[Yw(u,l'l),Yw('l),.%‘2>]w =0. (5.11)

Then the formal series

(w*, Yy (u, 21) Y (v, 22)w) (5.12)

lies in the image of the map ¢1s:

(w*, Yw (u, z1)Yw (v, x2)w) = t12f (21, x2), (5.13)

where the uniquely determined element

f € Cl[z, xg]][xfl, mgl, (z1 — x2)71] (5.14)

is of the form

g(x1, x2)
(21 — mo)katz

fz1,22) = (5.15)
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for some g € C[[x1, z2]] and k,l,m € Z, where k depends only on v and v (and not on w or
w*). Moreover,

(w*, Yw (v, x2)Yw (u, x1)w) = o1 f(x1, 22). (5.16)

Proof. The proof is similar to that of Lemma 5.2, albeit the formal series
By(z1, —z2) (W™, Y (u, 1) Yw (v, 22)w) = Bi(x1, —z2){(w™, Yiv (v, x2) Y (u, z1)w) (5.17)

lies in C((z1,22)) instead of Clzy, 27", 2, 25 1. O

Lemma 5.4. (Proposition 3.3.1 of |LL04]) (weak associativity) For u,w € V, there exists

a nonnegative integer | (depending only on u and w) such that for every v € V' we have
Bi(zo, x2)Y (Y (u, z9)v, x2)w = Bi(zg, 22)Y (0, zo + 22)Y (v, 22)w. (5.18)

Proof. We use a similar approach to the proof of Lemma 5.1. Intuitively, we will make the
second term on the left-hand side of the Jacobi identity vanish by clearing a suitable pole.

By the formal delta function property

—1¢(T1— 0 _1c [ X2+ 20
= _ 1
x5 0 < . > xy 0 < - ) , (5.19)

we have
) <a:0;—a:2> Y (u, 21)Y (v, 29) — 2716 (ma—: a:()) Y (Y (u, xo)v, x2) (5.20)
1 1
=, <ac2 — x1> Y (v,22)Y (u, x1). (5.21)
20
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We replace Y (u, x1) with Y (u,zg 4+ x2) in the first term on the left-hand side by

z 16 (aj2 — y) flz1,w0,y) = 276 (m — y> f(@2 —y,22,9). (5.22)

xr1 X1

Now let w € V and let I > 0. Multiplying our (modified) Jacobi identity by z! and taking

the residue Res,, gives

Bi(zo,2)(Y (u,x0 + 22)Y (v, z2)w — Y (Y (u, o) v, 22)w) (5.23)
= Res,, vhzy 10 <$2 — xl) Y (v, 22)Y (u, z1)w. (5.24)
—20
Then the result follows by choosing [ such that u,w = 0 for n > I. O

Lemma 5.5. (Proposition 3.3.5 of |[LL04]) Let V be a vertex operator algebra and let
u,v,w € V and w’' € V' be arbitrary. We have:

(a) (rationality of iterates) The formal series

(W', Y (Y (u, 20)v, m2)w) = Z (W', (umv)pw)zy ™ toy " (5.25)
m,neL

lies in the image of the map tog:
(W', Y (Y (u, 2o)v, z2)w) = t20p(0, T2), (5.26)

where the uniquely determined element p € C|xg, x2]g is of the form

q(0,72) (5.27)

To,T2) =
P ) zk(zo + x2)la
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for some g € C[zg,z2] and k,l,m € Z, where [ depends only on u and wj it is independent

of v and w'.

(b) The series

(W', Y (u, xo + 22)Y (v, 22)w) = Z Z <—mi— 1> (W', umvpw)zy™ i (5.28)

m,neZ i>0
lies in the image of 1q2:
(W', Y (u, 2o + 22)Y (v, 22)w) = 1o2p(x0, 22). (5.29)
Proof. Let [ be a nonnegative integer such that the weak associativity relation
Bi(zg,z2)Y (Y (u, xo)v, x2)w = Bi(x0,22)Y (u, z9 + 22)Y (v, 22)W (5.30)
holds. Then we have
By(zo, 22) (W', Y (u, z0 + 22)Y (v, 22)w) = By(z0, x2) (W', Y (Y (u, 0)v, 22)W). (5.31)

The left-hand side involves only finitely many negative powers of xs, by the truncation

condition, and only finitely many positive powers of zq, by
wt v, =wtv—n—1. (5.32)

Similarly, the right-hand side involves only finitely many negative powers of xg and only
finitely many positive powers of xs. As a result, both sides have finitely many powers in

both xy and x2, and so the common series is a formal Laurent series of the form r(xg, z2) €
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Clxo, aco_l, T, x;l]. We conclude that the rational function

r(xo, r2)
To,T9) = ——————= 5.33
p(zo, 72) (20 + 22)! (5.33)
satisfies the conditions. O
Lemma 5.6. (Proposition 3.3.8 of [LL04]) (associativity) We have
LI21 <w,’ Y(u’ l‘l)Y(’U, $2)w> = (Lgol <w/7 Y(Y(ua mO)”? xQ)w>)|l“o=w1*502 . (5'34)

Proof. By Lemma 5.2, we have f(z1,22) = p(x1 — z2,22). The result immediately follows

from this. O

Lemma 5.7. (Proposition 3.3.17 of [LL04]) Let V and W be vector spaces equipped with

a linear map

Y(,z):V — (End V)[[z,27 Y]] (5.35)

and also a linear map

Yw (-, z) : V — (End W)[[z,z7']]. (5.36)

Let u,v € V, w € W, and w* € W*. Assume that the truncation conditions Y (u,z)v €
V((x)) and Y (v,z)w € W((z)) hold and assume also that weak associativity holds for

(u,v,w), i.e. there exists a nonnegative integer [ that depends only on u and w so that

Bi(zo, z2)Yw (Y (u, x0)v, x2)w = Bi(xo, x2)Yw (u, 2o + x2) Yy (v, x2)w. (5.37)

Then the formal series

(w*, Yw (Y (u, zo)v, z2)w) (5.38)

84



lies in the image of the map t90:

(w*, Y (Y (u, z9)v, x2)w) = to9p(xo, T2), (5.39)

where the uniquely determined element

p € C[[xo, .'132]][1'61, x2_1, (xo + a:g)*l] (5.40)

is of the form

q(xo, z2)
zk(zo + x2)la

p(z0,22) = (5.41)

for some q € C[[xo, z2]] and k,I,m € Z, where | depends only on v and w (and not on v or
w*). Moreover,

(w*, Yw (u, zo + z2) Y (v, x2)w) = to2p(xo, z2). (5.42)
Proof. The proof is analogous to the proof of Lemma 5.5. O

Lemma 5.8. (Proposition 3.3.19 of [LL04]) (formal associativity) Under the hypotheses of

Lemma 5.7, with u,v € V, w € W and w* € W*, the formal series

(w*, Y (u, 21) Y (v, 22)w) (5.43)

lies in the image of the map ¢1s:

(w*, Yy (u, 21) Y (v, x2)w) = t12f (21, x2), (5.44)

where the uniquely determined element

feCllzy, walllzy ! 23", (21 — w2) ™) (5.45)
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is of the form

~ g(x1,79)
flz1,22) = (o1 — 2l ey (5.46)

for some g € Cl[x1,z2]] and k,l,m € Z, where | depends only on v and w (and not on v or

w*). Moreover,

f(z1,22) = p(z1 — 22, 72), (5.47)

or equivalently,
i (W, Y (u, 1) Yiv (v, 22)w) = (159 (0™, Yo (Y (u, 20)v, 22)0)) |sg=a1 — (5.48)

(as elements of C[[zy, zo]][x] ", x5 *, (21 — 22) 1))

Proof. The proof is similar to the proof of Lemma 5.2. We have a well-defined canonical

map
Clley, a2lll27 ", 23" (21 — 22) 7' = Cllzo, 22]llzg s 237, (w0 + 22) 7] (5.49)

s(x1,x2) = s(T1, 22) |z =294z, = S(To + T2, 22), (5.50)
and the reverse map
t(zo, x2) = t(z0, 22)|zo=z, —zs = t(T1 — X2, 22) (5.51)
is the inverse map. Moreover, for such t(zg, z2) we have

ngt(.fl — I, .Tg) = (L()Qt(xo, :ﬂg))|102x1,m2. (552)

The rest is clear from the proof of Lemma 5.2. O

Lemma 5.9. (Proposition 3.4.1 of |[LL04]) The Jacobi identity for a vertex operator algebra

follows from the rationsality of products and iterates, and commutativity and associativity.
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In particular, in the definition of the notion of vertex operator algebra, the Jacobi identity

can be replaced by these properties.

Proof. For a formal Laurent polynomial f(zg,z1,2z2) (that is, a formal Laurent series of the
form

9(zo, 1, x2)

5.53
zhaizh ( )

f(zo, 21, 22) =

where g is a polynomial and 7,s,t € Z), take g(wo,1)/zfx} 2] in the notation of Lemma

5.2. Then by Lemma 5.2,

t19(flromay—as) = (W, Y (u,21)Y (v, 29)w) (5.54)

and

121 (flag=a1-22) = (W', Y (v, 22)Y (u, 21)w), (5.55)

and by Lemmas 5.5(a) and 5.6, we have

120([f|z1=20+22) = t2o(f (21 — 22,21, ¥2) |21 =20+22) (5.56)

= LQO((LI_; <wl> Y(uv xl)Y(v, x2)w>)‘x1=$o+r2) (5'57)

= (W', Y (Y (u,x0)v, x2)W). (5.58)

The Jacobi identity then follows. ]

Lemma 5.10. (Proposition 3.4.3 of [LL04]) Let V' and W be vector spaces and suppose

we have a linear map
Yw (-, z): V — (End W)[[z, 271 (5.59)

v = Y (v, z). (5.60)
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Assume that Yy (u, z)w, Yiv (v, z)w € W((z)) for any u,v € V and w € W. Also assume
that weak commutativity holds for the pair (u,v) acting on w, i.e., there exists k € N such
that

By (z1, —z2) [Yw (u, 1), Y (v, x2)|Jw = 0. (5.61)

Further assume that Y (u,z)v € V((x)) for all u,v € V. Then the Jacobi identity

T2 — X1

) <$1 — x2> Y (u, 1) Vi (v, 22)w — 2516 <

> Yw (v, 22) Y (u, z1)w  (5.62)
o

—xq

=, (331:;1»‘0> Y (Y (u, zo)v, z2)w (5.63)
2

is equivalent to weak commutativity for the pair (u,v) acting on w together with weak
associativity for the triple (u,v,w). In particular, in the definition of vertex algebra, the

Jacobi identity can be replaced by weak commutativity and weak associativity.

Proof. The Jacobi identity for (u,v,w) implies weak commutativity and weak associativity
for (u,v,w) by the proofs of Lemmas 5.1 and 5.4. Conversely, using formal commutativity
and formal associativity we can see that due to Theorem 1.37, the proof of Lemma 5.9 still

works. =

Theorem 5.11. (Theorem 3.5.1 of [LL04]) The Jacobi identity for a vertex algebra follows
from weak commutativity in the presence of other axioms together with the D-bracket-

derivative formula

D, Y (v,2)] = %Y(v,w) (5.64)

for v € V. In particular, in the definition of the notion of vertex algebra, the Jacobi identity

can be replaced by these properties.

Proof. We will show that skew symmetry and then weak associativity holds, and the Jacobi

identity subsequently follows from Lemma 5.10.
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For skew symmetry we will first show
Y (v,2)1 = *Po (5.65)

for all v € V, which is a special case, and then proceed to the general case. By the vacuum

property we have D(1) = 1_31 = 0, where 1,, for n € Z is defined by

Y(1,2) = Z 127" L

ne”L

The D-bracket-derivative formula implies
e®PY (v, 2)e” P = Y (v, x + x0) (5.66)
for all v € V, which in turn implies

Y (v, 20 + 2)1 = e*PY (v, 29) e *P1 = *PY (v, x0)1. (5.67)

Due to the creation property we can set o = 0 and obtain Y (v,z)1 = e*Dy.

Now we will prove skew symmetry in the general case. Let u,v € V and let k£ € N such

that 2*Y (v, x)u involves only nonnegative powers of 2 and the weak commutativity relation

By (x1, —z2)[Y (u,21),Y (v,22)] = 0 (5.68)
holds. By
Y (v,2)1 = e"Po (5.69)
and
e®PY (v, 2)e P = Y (v, z + x0) (5.70)
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we have

Bi(x1, —22)Y (u,21)Y (v,22)1 = By (z1, —x2)Y (v, 22)Y (u, 1)1 (5.71)
= Bp(z1, —29)Y (v, 29)e® Pu (5.72)
= By(x1, —:L'g)e“DY(v, Tog — x1)U. (5.73)

In the last expression of the above derivation we can set x9 = 0 since By (x1, —x2)Y (v, z9 —
x1)u involves only nonnegative powers of x9 — x1. Once we do this and use the creation

property we have

VY (u, 1) = e PY (v, —1 )u. (5.74)

Multiplying both sides by a:l_k results in the skew symmetry relation.
Now we show that weak associativity holds as well. For any u,v,w € V, let k € N be
such that weak commutativity holds for u and w. Then by applying skew symmetry to the

pairs (v, w) and (Y (u,xg)v,w), and the formula

e®PY (v, 2)e P =Y (v, z + x0), (5.75)

we obtain weak associativity via

By (0, 22)Y (u, 20 + 22)Y (v, 22)w = By(z0, 22)Y (u, 2o + 2)e™?PY (w, —22)v (5.76)

= ¢ By (w0, 22)Y (u, 20)Y (w, —w2)v (5.77)
= ¢®P By (wg, 22)Y (w, —2)Y (u, 20)v (5.78)
= By(zo,22)Y (Y (u, z0)v, z2)w. (5.79)

0
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Theorem 5.12. (Theorem 3.6.3 of [LL04|]) Let (V,Y,1) satisfy all the axioms in the def-
inition of a vertex algebra except for the Jacobi identity, and in addition has the skew

Symmetry property

Y (u, z)v = e*PY (v, —x)u (5.80)

for u,v € V. Let W be a vector space and let Yy (-,z) be a linear map from V to
(End W)[[x,z~]] such that Yy (1,7) = idy and Y (v,2)w € W((z)) for v € V and
w € W. Assume too that weak associativity holds for any uw,v € V and w € W, in the

sense that there exists [ € N depending on u, v, and w such that

By (g, z2)Yw (Y (u, zo)v, x2)w = Bi(xo, x2) Y (u, xo + x2) Y (v, 22)w. (5.81)

Then the Jacobi identity

T2 — T

1'61(5 (xl _ 332) Yw (u, 21)Yw (v, zo)w — 5651(5 <

) Yw (v, x2)Yw (u, x1)w  (5.82)
o

=256 (xl — 930> Y (Y (u, zo)v, z2)w (5.83)

Z2

holds for any u,v € V and w € W.

Proof. First we prove the D-derivative formula
d
Yw(Dv,z) = %Yw(v,x). (5.84)

For uw € V and w € W, by the weak associativity assumption there exists [ € N such that
Bl(l’o, :ITQ)YI/V(Y(U, 1’0)1, xg)w = Bl(x(), xz)Yw(u, xo + Z‘Q)Yw(]., JIQ)U). (585)

Using the vacuum property for 1 acting on W and the formula Y (u,2)1 = ¢*Pu, which
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follows from the vacuum property for V' and skew symmetry, we obtain

Bl(.%'(), xg)YW(eIODu, :Bg)w = Bl(.%'o, iL‘Q)Yw(u, xo + xz)w. (5.86)

From the assumed truncation condition, we choose I larger if needed so that z'Yyy (u, z)w €

W{[z]], and we have

Bl(l‘o, :Ug)YW(GIODu, xg)w = Bl(xo, l’g)YW(u, xro + a:o)w, (587)

since we can now change zg + x2 to 2 + ¢ on the right-hand side. Because all the factors

involve only nonnegative powers of xg, we can multiply by B_;(x2,xg) to get

Y (e%Pu, x9)w = Yy (u, o + z0)w, (5.88)

which is the global form of our desired D-derivative formula.
Now we will prove the Jacobi identity. By Lemmas 5.7 and 5.8, formal associativity
holds for Yyy. Then by the proof of Lemma 5.10, it is enough to show that for u,v € V,

w € W, and w* € W¥*, there exists

f(a1,22) € Cllay, z2]lay ! 23", (21 — 22) 7] (5.89)

such that
(w*, Yw (u, 1) Yy (v, z2)w) = t1af (21, 2), (5.90)
(w*, Yy (v, 22) Yiw (w, 1) w) = 191 f (21, x2). (5.91)

By Lemmas 5.7 and 5.8 there exists a uniquely determined element

fx1,22) € Cllwy, wo]l[zy ', 23, (21 — 22) 7'
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such that

(w*, Y (u, 1) Y (v, z2)w) = t12f (21, 22), (5.92)

(w*, Y (Y (u, zo)v, x2)w) = t20f (20 + 22, 22). (5.93)

Similarly, reversing the roles of u and v, 1 and x2, and xy and —z¢ yields a unique element

f(@1,22) € Cllay, wo])[z7 !, 25, (21 — 22) 7] (5.94)

such that
(", Yiv (v, 22)Yw (w, 21)w) = o1 (21, 22), (5.95)
(w*, Yy (Y (v, —z0)u, x1)w) = t10f' (21,21 — 20). (5.96)

It now suffices to show that f = f’.

By the assumed skew symmetry and the D-derivative formula for Yy we have

(w*, Yiw (Y (u, 20)v, zo)w) = (w*, Yir (*°PY (v, —20)u, 2)w) (5.97)
= (w*, Y (Y (v, —x0)u, 22 + z¢)w) (5.98)
= (t10f' (@1, 21 = 0))| 21 =22 +0 (5.99)
= 190f' (0 + T2, T2). (5.100)
By
(w*, Y (Y (u, 20)v, m2)w) = 120 f (20 + 72, 72) (5.101)
it then follows that f = f. O
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5.2 Generating vertex subalgebras by subsets

We will show that a subset of a vertex algebra generates a vertex subalgebra.

Theorem 5.13. (Proposition 3.9.3 of [LL04|) For a subset S of the vertex algebra V', we

obtain a vertex subalgebra (S) generated by S and given by

(S) = span{u%ll) . -uﬁfr)l lreNuV, ... u e S ny,. .. ,n. €L} (5.102)
Proof. Let U be the subspace given by

U= span{ugl) . ~u£f;)1 lreNuM, . u e Sng, ... 0, € Z}. (5.103)

Clearly S C U and any vertex subalgebra that contains S contains U, so it suffices to prove
that U is a vertex subalgebra of V. Since 1 € U, we need to show that Y (a,z)b € U((x))
for a,b € U. Set

K={acU|Y(a,2)U CU((x))}. (5.104)

We need to show that K = U. By the definitions we have given, {1} US C K. Let a € K

and v € S. Then it follows from the iterate formula

Y (Y (u, z0)a, x2) = Resy, <m015 <a:1 — x2) Y (u,21)Y (@, 29) — 2510 <$2 — x1> Y(a,z2)Y (u, x1)>
o —Z0
(5.105)
(Lemma 2.11) and the assumption on a that
Y (Y (u, w0)a, 22)U C Ul[zo, 2", 22,25 '], (5.106)

so that Y (u, zg)a, which lies in U((zo)), also lies in K ((z9)). By induction, U C K and so

K = U as desired. O
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5.3 The Jacobi identity from weak associativity for modules

Lemma 5.14. (Proposition 4.2.1 of [LL04]) (weak commutativity) Let (W, Yi7) be a module

of the vertex algebra V. Then for u,v € V there exists a nonnegative integer k£ such that

By(x1, —z2)[Yw (u, z1), Y (v, 22)] = 0. (5.107)

Proof. The proof is analogous to that of Lemma 5.1. 0

Theorem 5.15. (Theorem 4.4.5 of [LL04]) Let V' be a vertex algebra, W a vector space, and
Y a linear map V' — (End W)[[z, z7!]] such that Yy (1,2) = idw, Yiv (v, 2)w € W((z))
for v € V, w € W, and weak associativity holds for Yy,. Then Yy satisfies the Jacobi
identity and (W, Yy ) is a V-module. In particular, in the definition of a V-module, the

Jacobi identity can be replaced by weak associativity for Yy .
Proof. The result follows immediately from Theorem 5.12. O

Corollary 5.16. (Corollary 4.4.7 of [LL04]) Let V be a vertex algebra, W a vector space,
and Yy a linear map V — (End W)[[z,z7!]] such that Yy (1,2) = idw, Yw(v,z)w €

W ((z)) for v € V, w € W, and such that the iterate formula

Yw (Y (u, zo)v, x2) (5.108)

T2 — I

o

= Res,, <x016 <x1 — x2> Yiw (u, 21) Y (v, 22) — 2510 ( .
—Zo

> Yiv (v, 22) Vi (u, x1)>
(5.109)

holds for uw,v € V. Then Yy satisfies the Jacobi identity and (W,Yw ) is a V-module. In
particular, in the definition of V-module we can replace the Jacobi identity with the iterate

formula.

Proof. Let w € W and [ be a nonnegative integer such that 'Yy (u,z)w € W([x]]. If we

apply the iterate formula to w and multiply the resulting formula by Bj(xo,x2), we have
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the weak associativity relation
Bi(xo, z2)Yw (Y (u, xo)v, z2)w = Bi(xo, x2)Yw (u, xo + z2) Yiv (v, x2)w. (5.110)
The rest follows by Theorem 5.15. O

5.4 More results on modules

Lemma 5.17. (Proposition 4.5.7 of [LL04]) Let W be a module of a vertex algebra V.
Let u,v € V, p,q € Z, and w € W. Then u,v,w is a linear combination of elements of
the form t¢,.w where t € V and r € Z, and t can be chosen to have the form usv for some
s € Z. In particular, let [ be a nonnegative integer such that u,w = 0 for n > [. Let m be

a nonnegative integer such that v,w = 0 for n > m + ¢q. Then we have

m 1
p—10\ /[l
uptgw =y Y ( ; ) <j> (Up—t—itV) g+i4i—jW- (5.111)

i=0 j=0
Proof. Note that u,w = 0 for n > [. This implies

Bi(zo,xz2)Y (u,x0 + 22)Y (v, 22)w = Bi(xg,22)Y (Y (u, x0)v, x2)W. (5.112)
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Also note that
upvqw = Resy, Resg, 2l 2dY (u, 21)Y (v, 22)w

Ty — X2

= Res,,Resy, Resg,zg 0 < ) 2V 2dY (u, 21)Y (v, z2)w

Zo

XTo + T2

= Res,,Res;, Resg, :L'fl ) <
x1

) 2Pzl (u, 21)Y (v, z2)w

xTo + X2
r1

— ~1
= Res,,Res;, Resg,z7 6 (

= Resy,Resg, By(xo, £2)2dY (u, 2o + 22)Y (v, 22)w.

By these two results we now have

upvgw = Resg Resy, By (20, v2) 24 Bi(z0, 22)Y (u, 2o + 22)Y (v, 22)w)

= ResgResy, Bp_i(zo, x2)xd[Bi(20, 22)Y (Y (u, zo)v, 2)w].

Thus u,vgw is a linear combination of elements of the form (ugv),w.

Now we will derive the formula. Note that if we set

m
p—1 N
p<$0’x2>—3pz<wo,xz>—2< i >””§ i,

=0

we obtain

upvgw = Resg,Resg, p(zo, :Ug)ngl (zo,22)Y (Y (u, z9)v, x2)w,

and the formula (5.111) follows immediately.

97

> By (0, x2)2dY (u, 20 + 22)Y (v, 22)w

(5.113)

(5.114)

(5.115)

(5.116)

(5.117)

(5.118)

(5.119)
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Lemma 5.18. (Proposition 4.5.6 of [LL04]) Let W be a module of a vertex algebra V. Let

T C W. Then we have
(T') = spanc{vpwlv € V,n € Z,w € T}, (5.122)

where (T) is the smallest submodule containing 7.
Proof. This follows immediately from Lemma 5.17. O
We now define an ideal of a vertex algebra.

Definition 5.19. An ideal of a vertex algebra V is a subspace I such that for every v € V

and w € I we have Y (v, z)w € I((z)) and Y (w,x)v € I((z)).

To continue the parallels to commutative algebra, we also have the notion of an annihi-

lator of an ideal.

Definition 5.20. Let T C W with W a module of a vertex algebra V. Define the annihilator

Zy(T) of T 'in V to be
Iy(T)={veV|Y(v,x)w =0 for w e T}. (5.123)

As expected, the annihilator is an ideal.

Theorem 5.21. (Proposition 4.5.11 of [LL04]) Given a subset 7' C W where W is a module

of a vertex algebra V', the annihilator Zy (T') is an ideal of V', and we have
Ty(T) = Ty ((T)). (5.124)

Proof. By linearity of Y (-,z), Zy(T) is a subspace of V. We also have DZy (T') C Zy(T)

since for v € Zy(T') and w € T', we have

d
Y (Dv,z)w = %Y(U, z)w = 0. (5.125)

98



Now let w € V and v € Zy (T). For w € T, let | be a nonnegative integer such that weak

associativity holds. Then by

B (zg, 22)Y (Y (u, xo)v, x2)w = Bi(xg, 22)Y (u, zo + 22)Y (v, 22)w = 0, (5.126)

we obtain

Y (Y (u,z0)v, x2)w =0, (5.127)

in light of the fact that Y (Y (u, z)v, z2)w is truncated below in powers of . It then follows
that Y (u,z)v € Zy (T)((z)). By skew symmetry and DZy (T) C Zy(T), this condition we
have just shown is equivalent to Y (v, z)u € Zy (T)((x)), and so Zy (T') is an ideal.

Now we show that Zy(T) = Zy((T)). The inclusion Zy ((T)) C Zy(T) is obvious.
Let v € Zy(T). Given u € V and w € T, let k be a nonnegative integer so that weak

commutativity holds. Then we have

By(x1, —22)Y (v, 21)Y (u, x2)w = Bg(x1, —x2)Y (u, 22)Y (v, x1)w = 0, (5.128)

showing that Y (v,21)Y (u,22) = 0. Then by Lemma 5.18, v € Zy ((T)) which shows the
other inclusion. O
We also have the notion of an annihilator of a subset of V' in a module W.

Definition 5.22. Let W be a V-module. Let S C V. Define

My (S) ={w e W|Y (v,z)w =0 for v € S} (5.129)

to be the annihilator of S in W.
As expected, this is a submodule of .

Theorem 5.23. (Proposition 4.5.14 of [LL04]) Given S C V, the annihilator My, (S) is a
submodule of W. Moreover,
M (5) = Mw ((5)), (5.130)
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where as in commutative algebra (S) denotes the ideal of V' generated by S.

Proof. 1t is obvious that My, (.S) is a subspace of W by linearity of Y (-, z). Now let v € V'

and w € My (S). For u € S, let k be a nonnegative integer such that weak commutativity

holds. Then we have
By(z1, —22)Y (u, 21)Y (v, 29)w = Bg(z1, —22)Y (v, 22)Y (u, x1)w = 0, (5.131)

which implies Y (u,x1)Y (v, z2)w = 0. It follows that Y (v,z)w € My (S)((z)), and as a
result My (S) is a submodule of W.

As the inclusion My ((S)) C My (S) is obvious, we only need to show that My (S) C
My ((S)). Let w € My (S). By Theorem 5.21, Zy ({w}) is an ideal that includes S and
therefore includes (S). Thus, w € My ((S)), showing the inclusion My (S) C My ((5))

holds. O

Now we introduce vacuum-like vectors, which are module elements that share propertied

with the vacuum vector in the definition of a vertex algebra.

Definition 5.24. Let W be a module of a vertex algebra V. A wvacuum-like vector w € W
satisfies v,w = 0 for all v € V and n > 0, that is, Y (v, z)w has only nonnegative powers of

x.

Before we present needed results on vacuum-like vectors, we will need the notion of a

V-module with derivation.

Definition 5.25. Let (W, Yy ) be a V-module. We call (W, Yy, d) a V-module with deriva-

tion, or simply a V-module, if d € End W and for every v € V we have
d
[d, Y (v,x)] = Yw(Dv,z) = %Yw(v,x). (5.132)

Theorem 5.26. (Proposition 4.7.4 of [LL04]) Let (W, Y, d) be a V-module and let w € W
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with dw = 0. Then for every v € V we have

Yiv (v, 2)w = e*v_jw, (5.133)

and w is a vacuum-like vector.

Proof. Let v € V. If Yiy(v,x)w = 0, then the result is obvious. Suppose now that

Y (v, z)w # 0. Then there exists an integer k so that

vpw # 0, v,w =0 (5.134)
for n > k. By
d
[dv YW(U’x)] = ?YW(UP’E)’ (5135)
x
we obtain
[d, vp] = —nvp_1 (5.136)

for n € Z. Tt follows that —(k + 1)vgw = [d,vky1]Jw = 0. We know that &k = —1 since
otherwise vyw = 0, a contradiction. It follows that v,w = 0 for n > 0, showing that w is a
vacuum-like vector.

Also, by dw = 0 and the d-bracket formula we obtain
Yy = Yy (v, 21 + 2)w. (5.137)

Yy (v, 1) w = Yy (v, 21)e "

Since Yy (v, z1) involves only nonnegative powers of x1 by w being a vacuum-like vector,

we can set 1 = 0 and get the formula. ]

Theorem 5.27. (Proposition 4.7.7 of [LL04|) Let (W, Yy ) be a V-module. Let w € W be
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a vacuum-like vector. The linear map
f:Vv-w
Vi v_qw

is a V-homomorphism, uniquely determined by 1 +— w.

Proof. Let u,v € V. We have

Y (Y (u,z0)v,x0)w =Y (u, 29 + 22)Y (v, x2)w.

Then

F(Y (u,20)v) = Resg,wy 'Y (Y (u, 20)v, 22)w

= Resy, 25 'Y (u, 20 + 22)Y (v, 29)w

= 1' Y Y
s (u, zo + 22)Y (v, 22)W

=Y (u,zo)v_1w =Y (u, z0) f(v).

By definition we conclude that f is a V-module homomorphism.

(5.138)

(5.139)

(5.140)

(5.141)

(5.142)

(5.143)

(5.144)

O]

Theorem 5.28. (Proposition 4.7.9 of [LL04]) Let (W, Yw,d) be a faithful V-module. Let

w € W be such that w generates W as a V-module and dw = 0. The linear map

f:Vv—-w

V> VW

is then a V-isomorphism.

(5.145)

(5.146)

Proof. By Theorems 5.26 and 5.27, f is a V-homomorphism. Since w generates W as a
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V-module, f is surjective. Now let v € V be in the kernel of f, i.e. f(v) = 0. Then by
Theorem 5.26, we have Y (v, z)w = 0, showing that w € M({w}). Using the fact that w

generates W as a V-module again, by Theorem 5.23 we have

W = ({w}) = M({0}). (5.147)

In other words, Y (v,z)w = 0 for all w € W, and because W is faithful by hypothesis, it

follows that v = 0. Therefore f is injective, and so is a V-isomorphism. 0
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Chapter 6: Vertex operator algebras based on affine Lie

algebras: g = sl,(C) case

In this chapter we study a more complicated and physically interesting example of a vertex
operator algebra that corresponds to a conformal field theory called the sly(C) WZW model

at non-critical level k.

6.1 The weak vertex algebra £(V'), the weak vertex subalge-
bra £(V,d), and local subsets

Let V be a complex vector space. We define
E(V) =Hom(V,V((x))). (6.1)

Now we will define the notions of weak vertex operator and weak vertex algebra.

Definition 6.1 (Weak vertex operator). A weak vertex operator on V is a formal series

a() =Y apz """ € (Bnd V)[[z, 2] (6.2)

such that a, € End V for all n € Z, and for every v € V, we have a(x)v € V((z)).

Definition 6.2. A weak verter algebra is a vector space V together with a linear map

Y(,x):V — (End V)[[z,27 Y]] (6.3)
v Y(v,x) = Z vpr ! (6.4)
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for each formal variable x with v, € End V for all n € Z, and a chosen element 1 € V. The
following axioms must be satisfied: (1) the vacuum property Y (1,z) = idy, (2) the creation
property Y (v,x)1 € V[[z]] and lim,_,o Y (v,2)1 = v for v € V, and (3) the D-bracket and

derivative properties hold, that is,

[D,Y (v,2)] =Y (Dv,x) = %Y(v,x), (6.5)

where D € End V is defined by D(v) = v_91 for v € V.

Now we will consider the case V = C? as an example.Then £(C?) = Hom(C?, C?((z))).
The endomorphisms of C? form the space of 2 x 2 matrices with complex coefficients, denoted

Msx2(C). Now define Ye (-, z0) : £(C?) — (End S(CQ))[[aﬁg,wo_lﬂ by

Ye(a(z), 20)b(z) = Resy, <x015 (”“ - "””) a(z)b(z) — 2510 ("” - :”1) b(x)a(x1)> (6.6)

Zo

for a(z),b(x) € £(C?). We also let 1 = idg2 = I € £(C?) where I is the 2 x 2 identity

matrix. Now we will show that (£(C?),Ye, I) is a weak vertex algebra.

Theorem 6.3. (£(C?), Yg, I) is a weak vertex algebra. The operator D is the differentiation

operator

D= % : Maxo(C)[[z, 2] = Maxa(C)[[z,z7]). (6.7)

Proof. First we check that Ye(I,zg)a(z) = a(z) for a(z) € £(C?). By Theorems 1.31 and
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1.32, we have

(6.10)

—xr+x1

(6.11)

(6.12)

(6.13)

106



Next we check that Ye(a(x),20)I = e*°Pa(z). We have

Ye(a(x), z0)I = Resy, (x50 <”” :(; "““) a(z))] — 256 ( :mf)”l) Ia(x1)>
— Res,, (2516 ("’” - x) a(z) — 2510 <x__m§1> a(x1)>

= Res -
1

= Resy, (2710 x: 0 ) (z+x0) =1-a(z+ z0) = a(z + x0)
1

= "% a(z) Pa()

It follows that Ye(a(z),z0)l € £(C?)[[xo]] and that

lim Ye(a(z),x0)l = a(x)

xro—0

and
a(z)—ol = D(a(x)).

Finally, we need to show that

[D,Y (v,2)] =Y (Dv,z) = %Y(’U,$).
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This completes the proof that £(C?) is a weak vertex algebra.

Now given our complex vector space V', we define the subspace

EWV,d) = {a(x) € EV)|[d,a(z)] = d'(x)} C E(V)
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where d € End V is an arbitrary linear operator on V. Returning to our example V = C2,
we have d € Myyxo(C). Continuing with our example, we will show that £(C?,d) is a weak

vertex subalgebra of £(C?).

Theorem 6.4. Let d € Msy2(C) be an arbitrary linear operator on C2. Then the subspace

E(C?,d) is a weak vertex subalgebra of £(C?).

Proof. Note that

d
[d,I|=dl —Id=d—d=0= %Ixo, (6.37)
so I € £(C?,d). We want to show that

[d, Ye(a(x), x0)b(x)] = (;1(5%(@(90)7 0)b(x)) (6.38)
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for a(x),b(x) € £(C?%,d). We have

2 (Vela(e), 20)b(x) (6.39)
= ;JUReswl <a:515 (xlg; 90) a(z1)b(z) — x5to <m__xfl> b(x)a(x1)> (6.40)
— Res,, ((8833%15 (xlx; ””)) a(a1)b(z) — <(,ix015 <$—_le>> b(x)a(x1)> (6.41)
+ Res,, <x315 (“a; ““') alz)b (z) — 256 <”3__le) b'(:):)a(xl)> (6.42)

o —Xp
+ Res,, (xgla (xlx; 2 ) ala)V (z) — 25 <‘””__le b/(a:)a(xl)) (6.46)
= [d, Ye(a(x), z0)b(z)]. (6.47)
O

Using analogous proofs to the V' = C? case we get the following theorems.

Theorem 6.5. (Proposition 5.3.9 of [LLO4]) Let V' be a complex vector space. Then

(E(V),Ye,idy) is a weak vertex algebra. Also,

d
D = o (End V)[[z,271]] — (End V)[[z, 2~ 1]). (6.48)
Theorem 6.6. (Proposition 5.4.1 of [LL04]) Let d € End V be an arbitrary linear operator
on V. Then the subspace £(V,d) of £(V) is a weak vertex subalgebra.
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The following result immediately follows.

Theorem 6.7. (Theorem 5.4.2 of [LL04]) Let V' be a vertex algebra. Let W be a vector
space equipped with a linear operator d. Then the V-module structures (W, Yy ,d) are

equivalent to the weak vertex algebra homomorphisms V' — £(W, d).
Next we will need the notion of a local subset.

Definition 6.8 (Local subset). A subset or subspace A of £(V) is said to be local if for
any a(x),b(z) € A, a(z) and b(z) are mutually local, i.e. there exists a nonnegative integer
k such that

By (1, —z2)a(x1)b(x2) = Bi(x1, —x2)b(z2)a(xy). (6.49)

Now we follow the part of the proof of Theorem 5.7.1 in |[LLO04] that we can for this

example V = C2.

Theorem 6.9. Let T C C? be any 1-dimensional subspace of C2. Define

Yo(-, z) : T — Hom(C? C%((x))) = £(C?)

Yo(Xe,x) = NI (6.50)

where A € C and T = span{e}. Define

T(z) = {Yo(a, z)|la € T} € Hom(C?,C?((z))). (6.51)

Define the linear operator
d € End C% = May»(C). (6.52)

Then T'(z) is a local subset and a vertex subalgebra of £(C2, d).

Proof. First we want to show that T'(z) is a local subset of £(C2,d). Let a = Ae € T and
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b = pe € T be arbitrary elements in 7". Then

d d

[d. Yo(a, 2)] = d\[ = Md = A~ M = 0 = ——(A]) = - Yo(a, ) (6.53)

and
By(z1, —x2)[Yo(a, x1), Yo(b, z2)] = [Yo(a,z1), Yo(b, z2)] = Al — pINI = 0. (6.54)

It then follows by definition that T'(z) is a local subset of £(C?, d).
Now we consider a(z),b(x) € T(x) where we use the notation from the book a(z) =
Yo(a,z) and define Yg for such weak vertex operators (which will turn out to be vertex

operators). Then:

Ye(a(z), z0)b(z) = Resy, (25'6

= Res,, (2510

)

= Resg,

= Res,, (2719

n- )) 2)b(z) (6.58)

x7 s

= Resg,

Tt xo)) 2)b(z) (6.59)

(o (5
(0 (5
(o (5
(o (s
(s
(s

= Res,, (27160 v x0>> z)b(z) = 1-a(z)b(z) = a(z)b(x). (6.60)
Now we want to show that (7'(x),Ye,I) is a vertex algebra. We have

Ye(a(x), z0)b(z) = a(z)b(x) = Al € E(C?)((x0)), (6.61)
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showing the truncation condition is satisfied. We also confirm that the vacuum property
holds:
Yg(I, :L‘) =1= idg((cz). (662)

Next we check the creation property. We have

Ye(a(x),z0)] = \[* = A = a(z) € £(C?) € E(C?)[[zo]] (6.63)
and
wloiglOY(a(a:), xo)l = mloigo a(x) = a(z), (6.64)

showing the creation property holds. Lastly, we show that the Jacobi identity holds. We

have

) (”1:;):”2> Y (a(x), 21)Y (b(x), 23) — 256 <f”2_;;”1) Y (b(x), 22)Y (a(z),21) (6.65)

) (””j{)‘”"’) a(z)b(x) — 25 <$2_;O””1> b(z)a(z) (6.66)

— a(2)b(x) [ =) (xlI()“) — gl (m—x;ﬂlﬂ (6.67)
and

> Y(a(x)b(x),x2) (6.68)

= a(z)b(x)z5 1o (wl - “"0> . (6.69)

Equality of (6.64) and (6.66) follows immediately from the equation

1 T — 22\ 4 T2 — X1 _ -1 xr1 — To
:UO5< 0 > :1:05< —x0> :1;26<$2 ), (6.70)
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stated in Theorem 1.30. O

Note that the vertex subalgebras of £(C?,d) constructed have the same structure as
the V' = C example we considered before, and are the only proper subalgebras of £(C?,d).

Moreover, note that T'(z) C £(C?,d) for all d € May2(C) as shown in the proof.

6.2 Derivations and set up for the construction theorem

Recall that sly (C) is the central extension of the loop algebra
sl5(C) = L(s15(C)) & Ck = (sly(C) ®¢ Ct,t71]) & Ck (6.71)
where £ is a nonzero central element of f:[g((C). It is a Lie algebra with the bracket
[a®@t™ b@t"] = [a,b] @ ™" + mTr(ab)dminok (6.72)

for all a,b € sly(C) and m,n € Z. The previous section outlines an explicit computation of
the bracket for a frequently used basis of sly(C).

The affine Lie algebra sly(C) is equipped with the Z-grading

sl3(C) = ) 5(C) ), (6.73)

neL

where g[g(C)(O) = sl3(C) @ Ck and 5A[2((C)(n) = sly(C) @t~ for n # 0. (6.70) makes sly(C)

a Z-graded Lie algebra. We also introduce two graded subalgebras of sly (C):

sla(C) (1) = P 512(C) (2n) = P sk(C) @ 7, (6.74)

n>0 n>0

E:[Q((C)(go) = @SAIQ((C)(H) = EA[Q((C)(,) EBBA[Q((C)(O) = g[g(@)(,) @ slp(C) @ Ck. (6.75)
n<0
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As in [LL04], we will adopt the following notation.
Definition 6.10. For a € sl3(C) we define the generating function

a(x) =Y (a@tMa """ € sly(C)[[w,271]]. (6.76)

nez
Now we will define the vector space V; (C)(l, 0) and describe a U (sly (C)(<0)) action on

it that motivates the notation.
Definition 6.11. Let

Vo) (5 0) = U(s(C)) ®c € (6.77)
where C; = C. We equip ng(c)(l,O) with the following action of U(sly(C)). Let 3:[2(@)(,)
act trivially on C; and let k act as a scalar [ € C, thus giving an action of 5[2(@) on C;. We
then induce an action of U(f:lg((C)(So)) on C; from it. We also have U(g[g((C)(SO)) act on
U(sl2(C)) by left multiplication. Thus we get an action of U(s:lg((C)(go)) on ‘/512(@)(170) by

combining the actions of U (sl (C)(<0)) on C; and U (sl (C)(<0)) on U(sl5(C)) in the obvious

way.

Now we will construct the linear operator d : V5“[2(<C) (1,0) — Va, © (1,0) to apply Theorem

5.7.1 of |LLO4] in the main theorem of this chapter.
Definition 6.12. Define the linear operator dy : 5l5(C) — sly(C) by
dqy(k) =0, (6.78)

dayla®t") = —n(a®@ " ")Va € sl5(C),n € Z. (6.79)

Then clearly d(l)glg(C)(n) - g[g(@)(nﬂ) for n € Z, i.e. d(y) is an operator of weight one.

Lemma 6.13. The operator d(j) : sl5(C) — sly(C) is a derivation of the Lie algebra sly(C).
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Proof. We want to show that
dy([a®@t™ b t"]) = [day(a @ t™),b@ "] + [a @ t™, d(1)(b @ t")]

for all a,b € sl3(C) and m,n € Z. On the right hand side we have
[day(a®@t™),b@t"] +[a@t™, dq)(bt")]
= [~ma@t™ 1), b@ "] + [a @ t™, —n(b® "]
= —mla@t™ L b@t"] —nfa®t™ b t"
— —m((a, ] ® 7+ (1 — 1) Te(ab)5m-1.0K)
—n([a,b] @ " £ mTr(ab)dpmn_1.0k)
— —(m+n)[a, B @ L (—m(m — 1) — mn) Tr(@b)m 10k
= —(m+n)[a, b @ " —m(m 4+ n — 1)Tr(ab)dmin_1.0k

= —(m+n)[a,b] @ t™ L,

On the left hand side we have
d(l)([a @t" b@1t"]) = dn([a,b] @ g mTr(ab)dm+n,0k)
= dg)([a,b] @ ") + d1) (M Tr(ab)bmn,0k)
= dg)([a,b] @ t"F") + mTr(ab)dmrn,0d (1) (k)
= dg)([a,b] © t"F)

= —(m +n)([a,b] ® "L,
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Therefore d;) is a derivation on the Lie algebra sly(C). O

Definition 6.14. Since we have shown that d(; is a derivation of the Lie algebra 5l5(C),

it follows that d(;) naturally extends to a derivation of U (sl3(C)). By the definition of d)

we see that it preserves the subspace
sly(C) () @ sla(C) & C(k — 1) C U(sly(C)). (6.94)
Since we can write Vétg(C)(l7 0) as a left U(sly(C))-module
Voo (1,0) = U(sl(C)) /U (s12(C)) (s12(C) ) @ 51o(C) @ C(k — 1)), (6.95)

the operator d(;y induces a linear operator d : Vélz(C) (1,0) — VA[2(C)(Z, 0).

S

Now we will prove a few lemmas in preparation for applying the construction theorem

(Theorem 5.7.1 of [LLO4]).

Lemma 6.15. Let ¢ : sl5(C) — ng((c)(l,()) be the map that sends a — a(—1)1 = a(—1).

Define T to be the copy of sly(C) equal to

T = $(sy(C)) C Vi) (1, 0). (6.96)

Then T is a local subset of V (1,0), i.e. for every a,b € T there exists a nonnegative
2(C)

integer k such that
By(z1, —z2)[a(x1),b(z2)] = 0. (6.97)
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Proof. Note that

[a(x1),b(z2)] = Z (Ja, 0] @ t™ ™)™ ey 4 ZmTr (ab)x;™ a1k (6.98)

mne” meZ

— Z ([a’b]@)tm—i—n)xzfmfn 1 m 1 m ZmTr ab m mflk

m,n€L meZ
(6.99)
= [a,b)(x2)x o (x > + Tr(ab)(;; ) (;) k (6.100)
= [a, b)(x2)x5 10 (2) (ab)a‘j71 ) (2) k. (6.101)
We have
By(z1, —22)[Y(a,x1),Y (b, x2)] = Br(z1, —z2)[a(x1), b(z2)] (6.102)

where k is a nonnegative integer. Choose k such that a,b = (e ® t")b = 0 for n > k (as in

the proof of Lemma 5.1). We then multiply the Jacobi identity by :1:]5 and take Res,, to get

Bi(z1, —2)[a(x1),b(x2)] = Resgoxy 10 < 0> aRY (Y (a,20)b, 29) = 0. (6.103)

T2
Thus locality holds. O
Lemma 6.16. Y(a,z)1 is an element of V © (1,0)[[x]]-

Proof. We have

Y(a,z)1 =a(x)l = (Z(a ® t")x_"_1> = Z(a A (6.104)
nez nez
= > (@®1M)a " € V(1 0)[al], (6.105)
n<-—1
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where to get the last equality we used the fact that

Vi) (1:0) = U(s12(C)) /U (s12(C)) (s12(C) () ® slo(C) & C(k — 1)) (6.106)
as a left U(sly(C))-module (so a, for n > —1 is killed by the quotient). O
Lemma 6.17.
lim Y(a,z)1 = a. (6.107)
z—0

Proof. We have

lim Y (a, 7)1 = lim a(z)1 = lim Y a(n)z ""! (6.108)
z—0 z—0 z—0
nez
1 —n—1 _ o 0
= ill)% ;1 a(n)x =a(-1)z (6.109)
=a(-1) =a(-1)1, (6.110)

where we identify a ® t~! with a via the map ¢ : sl(C) — VAIQ(C)(Z,O) that sends a +—

S

a(—1)1 = a(-1). O

Lemma 6.18. We have

[d,Y (a,z)] = %Y(a,x). (6.111)

Proof. We have

[d,a(n)] = —na(n — 1), (6.112)
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SO

We also have

d d el d _,_
%a(x) = Z a(n)z™" 1 = Z a(n)%x !

= Z —(n+ Da(n)z~"2) = Z —na(n — 1)z~ "+

nez ne”L

= Z —na(n — 1)z~""L

neL

Thus the result follows from Y (a,z) = a(z).

(6.113)

(6.114)

(6.115)

(6.116)

(6.117)

O

We have finished proving the preliminary results and are finally ready to proceed to the

main theorem.

6.3 Maximal local subspaces of £(WW) are vertex subalgebras

Here we show that maximal local subspaces of £(W) for a vector space W are vertex

subalgebras.

Lemma 6.19. Let W be a vector space. Then 1y is local with any weak vertex operator

on W.

Proof. Let a(x) be a weak vertex operator on W. Since [1y, a(x)] = 0 due to 1y € End W

being the identity operator, it immediately follows by the definition of locality of vertex

operators that 1y is local with a(x).
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Lemma 6.20. (Proposition 5.2.2 of [LL04]) Let a(z) and b(z) be weak vertex operators on

W. Then a(z),b(z) is a weak vertex operator on W for every n € Z, and is given by

a(z)pb(x) = Resy, (Bp(z1, —x)a(x1)b(x) — Bp(—z,x1)b(z)a(xy)). (6.118)

Proof. The formula immediately follows by the definition of Yg(a(z),x0)b(z) given by

Ye(a(z), 70)b(z) = Res,, <x015 <$1 — ””) a(z1)b(z) — 2516 <"” — ml) b(x)a(m1)>

Zo —Zo
(6.119)
and the notational choice for defining the coefficients a(z), via
Ye(a(x), z0)b(x) =Y a(x)nb(x)zg" " (6.120)

nez

for a(z),b(x) € E(W). Now we show that a(z),b(z) is a weak vertex operator (or a(z),b(x) €

E(W)). This follows immediately from

a(x),b(x) = Resg, (Bn(x1, —z)a(z1)b(z) — By (—z,z1)b(x)a(x1)) (6.121)

— (Z% (’;‘) (x)z‘am) b(z)w — b(z) (Z% (?)(g;)niaiw) (6.122)

and the observation that a(z),b(x)w € W((z)) because

> (7;) (—2)" " aw (6.123)

is a finite sum and b(z)w € W((z)). O
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Theorem 6.21. (Theorem 5.5.11 of [LL04]) Let V' be a vertex subalgebra of £(W). Then

V' is a local subalgebra and W is a faithful module of the vertex algebra V with

Y (a(x),x0) = a(xo) (6.124)

for a(z) e V.

Proof. Note that V' C E(W). Then for a(z),b(xz) € V and w € W, by the definition of

Ye(a(zx),z0)b(x) we have

(Ye(a(z), zo)b(x))w (6.125)

— Res,, (%—15 (xl — x) a(z1)b(z)w — 255 (”“” - “) b(g;)a(x1>w> . (6.126)

To

Then by Corollary 5.16, W is a V-module and Yw (a(z),z9) = a(xp). By Lemma 5.14,
weak commutativity holds for Yy, which is clearly equivalent to the statement that any

pair a(x),b(z) € V are mutually local. This shows that V' is a local subalgebra. O

Lemma 6.22. (Proposition 5.5.12 of [LL04]) Let a(z), b(z) € £(W) be mutually local and
k > 0 so that
By (x1, —z2)a(x1)b(xe)w = Bi(z1, —x2)b(z2)a(z))w (6.127)

for all w € W. Then we have

a(x),b(x) =0 (6.128)

for n > k. Also, if V is a local subalgebra of £(W) then given a(x),b(z) € V we have

a(z)pb(z) = 0 for sufficiently large n.

Proof. This follows immediately from Lemma 6.20 and the condition

By (x1, —z2)a(x1)b(xe)w = Bg(z1, —x2)b(z2)a(zi)w (6.129)
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for all w € W. O

Lemma 6.23. (Proposition 5.5.13 of [LL04]) Let a(z),b(x) € £(W) be mutually local with
k > 0 so that

By(z1, —z2)a(x1)b(x2)w = Bg(x1, —x2)b(x2)a(x)w (6.130)
for all w € W. Then we have
By(z1, —x2)Ye(a(z), x1)Ye(b(x), z2)c(x) = Br(z1, —22)Ye(b(z), x2)Ye(a(x), z1)c(x)
(6.131)

for all ¢(z) € E(W). Also, if V is a local subalgebra of £(W) then weak commutativity

holds for Yg on V.

Proof. Let c¢(z) € £(W). By definition of Yg,

Ye(a(x),z1)Ye(b(z), z2)e(x) (6.132)

= Resg 2716 (mg — x) a(x3)(Ye(b(x), z2)c(x)) (6.133)
I

—ayls <3’__xf3> (Ye(b(z), z2)c(x))a(xs) (6.134)

= Res,,Res,,z7 0 <x3 — a:) ) a(z3)b(xg)c(x) (6.135)

a(xg)e(x)b(xy) (6.136)

b(xa)c(z)a(zs) (6.137)

c(x)b(xq)a(xs). (6.138)
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Using the same approach,

Ye(b(x),z2)Ye(a(z), z1)e(x)

= Res,,Res,, 70 <I3 — a:) x5 18 (M — x) b(xq)a(zs)c(x)
T xT9

— Resg,Res,, #7190 <x3 — :E> 510 <$ — $4> b(xq)c(x)a(zs)
T —xX9

— Resy,Resy, 270 (a? — xg) PN <a:4 — a:> a(zs)ce(x)b(xzy)
—I1 xI9

— Res,,Res;, 2710 <x — x3> x5 8 <a: — x4> c(x)a(xs)b(zq)
—x1 —x9

Then by the previous result

z7'o <$2 — y> flazr,22,y) = 27'6 <$2 — y) f(xa —y,22,9)

xr1 T

for f(x1,2z9,y) € (End V)[[z1, 27", 29, 251, y,y~ 1], we obtain

By(x1, —:cg)xl_lé (xS _ I) x2_15 <$4 _ x>

T

(6.139)

(6.140)

(6.141)

(6.142)

(6.143)

(6.144)

(6.145)

(6.146)

and similar identities for other products of the formal delta functions. This shows that

By(z1, —x2)Ye(a(z), x1)Ye(b(x), z2)c(x) = Bi(z1, —22)Ye (b(z), x2)Ye(a(x), z1)c(x)

for all ¢(z) € £(W) using the assumption

By(z1, —z2)a(x1)b(x2)w = Bg(x1, —x2)b(x2)a(z)w
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for all w € W along with the expressions we found for Ye(a(z),z1)Ye(b(x),z2)c(z) and

Ye(b(x), x2)Ye(a(z), z1)e(x). O

Theorem 6.24. (Theorem 5.5.14 of [LL04]) Any local subalgebra V' of £(W) is a vertex
algebra and W is a faithful module, where Yy (a(x), z9) = a(x¢) for a(x) € V. In particular,

the local subalgebras of £(W) are precisely the vertex subalgebras.

Proof. That V is a vertex algebra follows from Theorems 5.11 and 6.5, and Lemmas 6.22

and 6.23. By Theorem 6.21 W is a module meeting the stated conditions. O

Lemma 6.25. (Proposition 5.5.15 of [LL04]) Let a(z), b(z), and ¢(z) be pairwise mutually

local weak vertex operators on W. Then a(z),b(x) and ¢(z) are mutually local for all n € Z.

Proof. Let n € Z. Let r be a nonnegative integer such that » > —n and

By (z1,—x2)a(z1)b(z2) = By(x1, —x2)b(x2)a(z1), (6.149)
B, (1, —x2)a(z1)c(z2) = By(x1, —z2)c(x2)a(xq), (6.150)
B, (z1, —x2)b(z1)c(x2) = By(x1, —x2)c(x2)b(21). (6.151)
We have
a(x),b(x) = Resg, (Bn(z1, —z)a(x1)b(z) — Bp(—z, z1)b(x)a(xy)). (6.152)

125



Since By, (x, —x2) = Bs,(x — x1,21 — 22) By (z,

By (z, —x2)(Bp(z1, —2)a(x1)b(x)c(z2) — Bp(—x, x1)b(x)a(r1)c(x2))

3r
= Z (3;) B3y s(x, —11)Bs(x1, —22) Br (T, —22)
s=0
(Bn(x1, —z)a(z1)b(z)c(z2) — Bn(—z,21)b(x)a(z1)c(x2))

_ i <37“> Byy—s (2, —21) By (21, —2) By (1, —3)

s=r+1 §
(Bn(z1, —2)a(z1)b(x)c(xe) — Bp(—x,21)b(x)a(xz1)c(x2))
3r

-y <387“> Bsy—s(x, —21)Bs(21, —2) By (2, —22)

s=r+1

(Bp(z1, —x)c(z2)a(z1)b(x) — By (—x,x1)c(x2)b(x)a(xy))
3r

-3 (357”) Bay— (i, —1) Bs (1, —2) By (2, —2)

s=0

(Bn(x1, —z)c(z2)a(z1)b(x) — Bp(—z, x1)c(z2)b(x)a(x1))

= By (x,—x2)(Bp(z1, —z)c(x2)a(x1)b(x) — By(—x,x1)c(z2)b(x)a(x)).

Applying Res,, to the equation found above results in

By (z, —z2)(a(2)nb(z))c(x2) = Bar(, —22)c(22)(a()nb(2)),

where the mutual locality of a(x),b(z) and ¢(z) immediately follows by definition.

—22), by the conditions on r we have

(6.153)

(6.154)

(6.155)

(6.156)

(6.157)

(6.158)

(6.159)

(6.160)

(6.161)

(6.162)

(6.163)

O]

Lemma 6.26. (Theorem 5.5.17 of [LLO4|) Let W be a vector space. Any maximal local

subspace of £(W) is a vertex subalgebra with W as a faithful module.
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Proof. We follow the proof of Theorem 5.5.17 of [LL04, 172]. Let A be a maximal local
subspace of £(W). Note that 1y is local with any weak vertex operator on W by the
previous lemma. Thus A + Cly is a local subspace of £(W). Since A was taken to be
maximal, we have A = A + Clyy, and so 1y € A.

Now let a(x),b(z) € A and n € Z. By Lemma 6.25, a(z),b(z) is local with a(z) and
b(z) (more generally, any vertex operator in A). Using Lemma 6.25 again, a(x),b(z) is local
with itself. Then using a similar argument to the first paragraph, A 4+ Ca(x),b(z) is a local
subspace of £(W), and so A = A+ Ca(z),b(x), resulting in a(z),b(x) € A. This shows that
A is a weak vertex subalgebra of £(W). Therefore A is a local subalgebra, and by Theorem

6.24, a vertex algebra with W as a module. ]

6.4 Generating vertex subalgebras of £(I/) by pairwise mu-

tually local vertex operators on W

Lemma 6.27. (Theorem 5.5.18 of [LL04]) Let S be a set of pairwise mutually local vertex
operators on W i.e., alocal subset of £(W). Then S can be embedded in a vertex subalgebra
of £(W), and in fact, the weak vertex subalgebra (S) generated by S is a vertex algebra,
with W as a natural faithful module. Furthermore, (S) is the linear span of the elements

of the form

M (@)n, -0 (@), 1y (6.164)

for a(z) € S, ny,...,n, € Z, with > 0. In particular, this linear span carries the

structure of a vertex algebra.

Proof. 1t follows from Zorn’s lemma that there exists a maximal local subspace V' containing
S. By Lemma 6.26, V is a vertex subalgebra, with W as a natural module. Since (S) is a
weak subalgebra of V', (S) is necessarily a vertex subalgebra and W is an (S)-module. The

rest follows immediately from Theorem 5.13. O
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6.5 The construction theorem and vertex algebra proof

Now we will show that V; ((C)(l, 0) is a vertex algebra using the proof of Theorem 5.7.1 of

[LL04, 179-181].

Lemma 6.28. T'(z) is a local subset of 5(%[2(@(1, 0),d).

Proof. Recall from a previous section of this chapter that we have shown

(d, a(z)] = %a(m) (6.165)
and
By (x1, —z2)[a(z1),b(z2)] =0 (6.166)

for some nonnegative integer k, where a,b € T. It follows by definition that T'(z) is a local

subset of £(V; ((C)(l, 0),d). O

lo

Lemma 6.29. (T'(z)) is a vertex subalgebra of £(V;_ (/,0),d) with (%IQ(C)(Z,O),d) as a

12(C)

module.

Proof. We follow the proof of Lemma 6.27. By Zorn’s lemma there exists a maximal local
subspace V' containing 7'(z). It immediately follows that V' = (T'(x)) is a vertex subalgebra

with (VQIQ(C)(LO)’ d) as a module. O

Theorem 6.30. (Theorem 5.6.1 of [LL04]) Let S be a local subset of £(W,d). Then the
weak vertex subalgebra (S) of £(W) is a vertex subalgebra of £(W,d) where (W,d) is a
faithful module of the vertex algebra (S) and Yy (a(x),z9) = a(xg) for all a(z) € (S5).

Moreover, the d-bracket formula
Yw (Da(x),x0) = [d, Y (a(x), z)] (6.167)

holds for all a(x) € (5).
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Proof. By Lemma 6.27, (S) is a vertex subalgebra of £(W) where W is a module of (S).

Because S C £(W,d) and by Theorem 6.6 £(W,d) is a weak vertex subalgebra of (W),

(S) is a vertex subalgebra of £(W,d). We obtain the rest at once by Theorem 6.7.

O

Now we are ready to prove the construction theorem that will show ng (C)(Z,O) is a

vertex algebra.

Theorem 6.31. (Theorem 5.7.1 of [LL04]) Let V' be a vector space equipped with a vector

1 and linear operator d so that d1 = 0. Let T' C V be equipped with a map

Now assume that for a € T' we have Yy(a,z)1 € V[[z]] and

lim Yy(a,z)1 = a,

z—0

4, Yo(a, )] = = ¥o(a, ).

Further assume that for a,b € T' there exists a nonnegative integer k so that
By (w1, —x2)[Yo(a, 71), Yo(b, 22)] = 0

and V is spanned by the vectors

) a1

Ny

(6.168)

(6.169)

(6.170)

(6.171)

(6.172)

(6.173)

for r > 0, a® € T, and n; € Z as a vector space. Then we can extend Yy uniquely to a

linear map Y : V. — Hom(V, V((z))) so that (V,Y,1) is a vertex algebra. Moreover, Y is

given by
Y(‘%(zll) ... Y(agf;)l, T) = a(l)(gj)n1 RG] (2)n,idy,
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where we define the notation

a(x) = Yo(a,x) (6.175)

for a € T. Also, the operator d = D on V. Finally, if we define

T(z) = {a(z)|a € T} € Hom(V,V((x))) (6.176)

then the linear map
¥ (T(x)) =V (6.177)
afx) = Resz ta(z)l (6.178)

is a vertex algebra isomorphism, where we note that (T'(x)) is the vertex algebra constructed

in Lemma 6.27.

Proof. Uniqueness and the formula for Y follow by the spanning hypothesis. By
d
[d,Yo(a,z)] = @Yo(a,x) (6.179)

and

Bk(l'l, —$2)[Y0(a,x1),Yb(b,(I}2)] =0 (6.180)

we conclude that T'(z) is a local subset of £(V,d). Then by Theorem 6.30 we conclude that
(T'(x)) is a vertex subalgebra of £(W,d) where (W, d) is a module equipped with an action

Yy (a(x),z0) = a(xg) for a(z) € (T'(z)). Note that
Y(a(r)) = Resgorg ta(ro)l = Resyyzy Yy (a(x), zo)1. (6.181)

Then by Theorem 5.28 it follows that v is a (T'(z))-module isomorphism because (V,d) is

a faithful (T'(z))-module, d1 = 0, and V is spanned by elements of the form agl) a1

r
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for r > 0, a® € T, and n; € Z. Therefore we induce a vertex algebra structure on V via

Y((T(z))) = V. We find that 1 is the vacuum vector for V since

Y(idy) = Resxoxlev(idv,a:O)l = Resxoxalidv(wo)l =idy1l =1. (6.182)

Now by Y (-, ) we denote the vertex operator map for V. Let a € T. By

ili%Yo(a,x)l =a (6.183)
we have
P(a(z)) = ill% a(z)l = a. (6.184)

Since 9 is a (T'(x))-module homomorphism, we have

Y (a,20) = YYe (¥ ta, 20) ™ = Yy (¥ a, z0) = Y (a(x), z0) = a(zo). (6.185)

This shows that Y is indeed an extension of Yy. Since V' is spanned by the coefficients of

all the monomials in the expressions

YW, 2)Y (a®, z5) - Y(a"), z,)1 (6.186)

for a9 € T, by the D-bracket derivative formula, the d-bracket derivative formula given
in the hypothesis, and D1 = 0 = d1, we conclude that d and D act the same way on the

expressions

Y(aW, )Y (@®, z9) - Y (a"), 2,)1. (6.187)
This completes the proof. O
As a corollary, we have the following main result.

Corollary 6.32. (Theorem 6.2.11 of [LL04]) Let [ € C. Then there exists a unique vertex
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algebra structure (V:ér2(<C)(l> 0),Y,1) on V; . (1,0) so that 1 = 1 € C is the vacuum vector

I2(C)
and

Y(a,z) = a(x) € (End ‘/;[2(C)(l,0))[[x,x_1]] (6.188)

for a € slp(C). In particular, Y is given by
Y(aW(ny)--a"(n,)1,2) = aW (@), "'a(r)(ff)nridw[ (©(10) (6.189)
sly

for r >0, a®¥) € sly(C), and n; € Z.

Proof. Note that Vo ) (1,0) is a restricted sly(C)-module. The relations for the commutator

[a(x1),b(x2)] derived before imply locality. The existence and uniqueness of the vertex
algebra structure follows immediately from Theorem 6.31 with the linear operator d we

constructed earlier and setting V = ‘/EIQ(C)<Z’O)’ T =sl(C) C V, and Yp(a,x) = a(x) for

a € sly(C), along with the lemmas showing the conditions for applying the theorem are

met. O]

6.6 Vg[z(c)(l, 0) is a vertex operator algebra

Lemma 6.33. (Theorem 6.2.16 of [LL04|) For a € sl(C) and m,n € Z, we have

[L(m),a(n)] = —na(m + n), (6.190)

[ m), L)) = om = o+ ) + (o — )

5 S im0 (6.191)

on ‘/EIQ(C)(Z7O)' Also, on Veu(©) (1,0) we have L(0)v = nv for v € V;;[Q(C)(l, 0)(n) where n >0

S5

and L(—1) = D where D is the D-operator of the vertex algebra Veau(©) (1,0).

Proof. We have
[a(m), L(n)] = ma(m + n) (6.192)
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for a € slp(C) and m,n € Z. We then obtain

[Y(a,21),Y (w,x2)] = —a(:L‘Q)a(;acgld (951) ) (6.193)

By the commutator formula

V(o). Y (0,0 = S Ty (w0, 1) (83) 56 <‘“> , (6.194)
it is enough to show that
apw = a(n)w = 6,10 (6.195)

for n > 0. Because Vg ¢ (1,0) is Z-graded as a sly(C)-module with Vg[Q(C)(Z,O)(n) = 0 for

n<0andwe Vy (1,0) 2y, we have a(m)w = 0 for m > 2. We also compute

d
2(1+ h)a)w = Y _a(2)u(-1)"1 (6.196)
=1
d
= ([, (1) (1)1 + u? (-1)a(2)u (-1)1) (6.197)
=1
d
=> Ka,u],u)1 (6.198)
=1
d
_ Z Ha, [u® uO)1 =1 (6.199)
=1

where (-,-) : 5l3(C) x slo(C) — C is the Cartan-Killing form defined by (a,b) = Tr(ab) for

all a,b € sly(C) and we used the fact that b(m)1 = 0 for b € slo(C) and m > 0. By a similar
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calculation we have

2(l+ h)a(l)w (6.200)

d
= ([a,u](0)u (= 1)1 + I{a, u™)u® (~1)1 + vl (~1)a(1)u® (-1)1) (6.201)
=1

d
= (lla, u), uD)(=1)1 + 21(a, u@)ul) (=1)1) (6.202)
=1
= 2ha(—1)1 + 2la(—1)1 (6.203)
=21+ h)a(—1)1 = 2(l + h)a, (6.204)

where we used the fact that the Casimir element €2 acts like the scalar 2h on sly(C). We

also have
d
2(1+ h)a(0)w =Y _([a, (= 1)u? (1)1 + v (~1)[a, uP)(~1)1) (6.205)
=1
= Y {a,u], ) (- 1)ul(-1)1 (6.206)
1<i,j<d
+ ) (a,u®), Dy (—1)u(-1)1 (6.207)
1<4,5<d

= Z ((a, u D], u@y + (Ja, uD], u®))uD (= 1)u@ (=1)1 (6.208)
= 3 (o, W@, + (@, [, D)@ (1) (1)1 (6.209)
=0. (6.210)

This shows that (6.191) holds, thus [L(m),a(n)] = —na(m + n) for all a € sly(C) and

m,n € 7.
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Given a € sl3(C) and n € Z, by (6.186) and the D-bracket formula

d
[D,Y (v,z)] = —Y (v, 2) (6.211)
dr
we have
[L(-1) —D,a(n)] =0 (6.212)
as operators on V;:IQ(C)(Z, 0), and
(L(~1) = D)1 = wol = 1_51 = 0. (6.213)

Since Vélz((c) (1,0) is generated from 1 by the universal enveloping algebra U (E: [(C), it follows
that L(—1) = D on ng((c)(lvo)' Also, L(0) = dg) on Veu© (1,0) where dg) is the weight
operator defined by d(g)u = nu for u € Veau(©) (1,0)(ny with n € Z. This shows that L(0)v =
nv for v € Vg[2((c)(l,0)(n) where n > 0 and L(—1) = D.

From the Virasoro algebra relations and L(—1) = D it is enough to show that

wiw = L(0)w = 2w, (6.214)

wyw = L(2)w = di 1 (6.215)
e T 2(1+h) '

wpw =L(n—1w=0 (6.216)
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for n =2 or n > 4. We have

oo S a1 = 2
L(0) _2(Z+h);2 (-1)%1 = 2w, (6.217)
d
L(2)w = 2 1+ ) > (L2), (= D)]ul (= 1)1 + D (=1)[L(2), u® (-1)]1)  (6.218)
=1
Lm0
:2(l+h);u (Du®(-1)1 (6.219)
R SR N T A 6.220
_2(l+h);<u = gyt (6.220)
1 - 0 ()@ (— 0@ (1) _
L(1) _2(l+h);( (0)u®D(=1)1 + u(=1)u (0)1) = 0, (6.221)
=~ 3w = DU (1)1 + 1D (1) 1)1) =
L(n) —Q(Hh);( (n—Du (1)1 +u(=1)u(n - 1)1) =0 (6.222)
for n > 3, completing the proof. O

Now we are ready to prove the main theorem.

Theorem 6.34. The vertex algebra VEIQ(C) (1,0) is a vertex operator algebra of central

charge dl/(l + h) with

d
1 i i
I ;U( (=D (=11 € V) (1 0)y (6.223)

as the conformal vector. The Z-grading is obtained by the L(0) eigenvalues. Moreover,

sl(C) = V;{[z(C)(L 0)(1) generates Ven© (1,0) as a vertex algebra and

[L(m),a(n)] = —na(m +n) (6.224)
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for a € sly(C) and m,n € Z.

Proof. The proof follows immediately from Corollary 6.32 and Lemma 6.33.
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