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Introduction and Motivation

Let X and Y be two rings with additional C[t]-module structure.

e X has module basis {o|w € S,} where S, is the permutation group
on n symbols.

Y has module basis {palA C {1,2,--- ,n—1}}.

@ We have a surjective ring map t* : X — Y.

Let va = lN;cas; ordered with lower js to the left, where
sj=(j,j+1). Then
pA - I’*O'VA'

@ Question: What is t*o, in terms of the {pa} for w # va?
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Transposition Conjecture

Let (/,/) be the transposition of i, j, where i < j. Let m:=j —i. Then

ml Kk K2 /m—1\?
L*(U(i,j))zzzh!<h> < P ) t" Pl ik k—h1]

k=0 h=0

excluding any terms where 1 +i — k—m <1 orj+ k — h > n, where
[a,b] ={a,a+1,---b—1, b}
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Simplified Transposition Conjecture

Let (1,/) be the transposition of 1, j, where j > 1. Then
Jj=2 -2 2
X - h
o) = ;h!< h ) t"P[2j—h—3]

where [2j — h—3] = {1,2,---2j — h— 3}.
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Reduced words for (1, /)

The shortest possible strings of s; = (i, i + 1) that multiply out to (1,J).
They have length 2j — 3. They are related by commutation (i.e.
s153 = s351) and braid moves (515251 = s2519):

(1,/) = 51525354 - - - §j—35j—25j—15—25]—3 * * - 251
= 51525354+ ** §j—-35j—-15j—2S5j—-15j—3 "'+ 5251

= 5j-151525354 * * * 5j-35/—25j-15j-3 " 5251

= 5j—15j—25j—-3 5352515253 ' -+ Sj—35j—25j—1
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Localization

We used a technique called localization and reduced the proof to

calculating this:
Z nW[m](U)
U red. for (1,)
where
Wim = (5192 - Sm—1)(512* - - Sm—2) - - - (s1%2) 51,

we are summing over reduced words U for (1, ), and nw,, (U) is the
number of ways the reduced word U fits into Wy,
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Triangle Representation of a Long Word

The following triangle represents wii. A dot in row i represents simple

reflection s;. The j™ diagonal from the leftmost diagonal represents
5152 - S11—j-
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Triangle: Possible Braid Nodes

If we are restricting (1,8) to w1, the nodes in the red triangle represent
possible locations for the braid node. The possible braid indices are the
integers between 3 and 7, inclusive.
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Triangle: Possible Ascending/Descending Subwords

Choosing one braid node, we get 4 triangles (black) that contain possible
ascending and descending subwords. Simple reflections in subwords cannot
correspond to dots in the purple intersections or in the tip of the triangle
at and past the red line, which leaves a parallelogram.
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Triangle: Choosing Diagonals

Given one parallelogram with dot height h and dot width w, we must
place w dots corresponding to simple reflections in h+ w — 1 diagonals; at
most one corresponding dot can exist in one diagonal, and the location of
the dot within a diagonal is implicit from the choice of diagonals.
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Counting Elements of a Braid Index

By looking at all possible braid node choices on row a < m on the triangle
representation of w,,, we found that there are

m—2j+a ,. .
j+b—=1\/m+a—-j—-b—-1
Br(a,m) = Z ( a1 >< a1

b=0
% <_]+ b—a) (I”—. _]—b)
j—a j—a

ways to write expressions of (1, + 1) with braid index a as subwords of
Pm. Denote the above expression by Br(a, m). Then

J

anm(U) = Z Br(a, m).
U

a=max (2j—m,1)
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o We want to simplify this expression.

@ We want to be able to restrict transpositions to long words that don't
necessarily start at 1.

o Afterwards, we'd want to be able to compute the pullback of these
transpositions.
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