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Formal Delta Function

Definition [1]

The formal delta function is the formal series

5(x) = x" e Cllx,x 1.

neZ
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Vertex Algebra

Definition [1]
A vertex algebra is a vector space V together with a linear map
Y(-,x): V= (End V)[[x,x!]]

vi— Y(v,x) = Z Vvpx "t
n€Z

and distinguished vector 1 € V called the vacuum vector satisfying the following
conditions Yu,v € V:

® u,v = 0 for n sufficiently large (truncation condition)

Y(1,x) = idy (vacuum property)

Y (v,x)1 € V[[x]] and limx_,o Y(v,x)1 = v. (creation property)

x0_1(5 (u> Y(u,x1)Y(v,x) —X0_1(5 <u) Y(v,x)Y(u,x1) =

X0 —Xo
X1 — Xo

xy 18 ) Y(Y(u,x0)v,x2). (Jacobi identity)

X2
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Example: V =C

Define Y (-, x) : C — C[[x,x"!]] by sending v — v =3, vox "
where v, = v if n=—1and v, =0 if n# —1. Set the vacuum vector
1=1€cC. Then (C,Y,1) has the structure of a vertex algebra.
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Vertex Algebra Module

Definition [1]

Let (V,Y,1) be a vertex algebra. A V-module is a vector space W together with
a linear map

Yw(-,x) : V = (End W)[[x,x"1]]

vie Yw(v,x) = E vx L
neZ

satisfying the following conditions Vu,v € V,w € W:
@ u,w = 0 for n sufficiently large (truncation condition)

® Yw(1,x) =idw (vacuum property)

° X, 16( ” X2> Yw(u, x1) Yw (v, x2) —

X1

_ Xy — — X
Xg ) (2—> Yw (v, x2) Yw(u, x1) = x; ) <X—20> Yw (Y (u,x0)v, x2)
(Jacobi identity)
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Examples of Modules

Let (V,Y,1) be a vertex algebra. Define the linear map

Yol x) 1 V = (End V)[Tx,x 1] M
vie Yy(v,x) = Z vpx " = Y (v, x) (2)
nEZ

Then (V, Yy) is a V-module. (This is often called the adjoint module.)

Theorem

| N

Any C-module is of the form (W, Y\y) where W is an arbitrary vector
space and Yy (-, x) : C — (End W)[[x,x71]] sends u + u idyy.
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Vertex Operator Algebra

Definition [1]

Let (V, Y, 1) be a vertex algebra. This vertex algebra combined with a conformal vector w € V is a vertex operator algebra if

V has the Z-grading
V=& vy ®
n€Z

with grading restrictions dim V(n) < oo forall n € Z and V(n) = 0 for n sufficiently negative. We define the notation
wtv=nifv e V(,,). We require 1 € V(O) and w € V(z). Moreover, the following additional axioms must be satisfied for
u,v € V: (1) the Virasoro algebra relations

[Lm), L(n)] = (m = n)L(m + ) + —(m* — m)bminocy *)

for some ¢\, € C called the central charge where we define the L(n) by

Y(w,x) = Z L(n)xiniZ7 (5)

n€Z

2) compatibility of L(0) with the grading: L(0)v = nv = (wt v)v for n € Z and v € V), and (3) the L(—1)-derivative
(n)
property

Y(U=1vs0) = V(0,0 (6)
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Finite Dimensional Vertex Operator Algebras

Theorem

V is a finite dimensional commutative associative C-algebra with identity
1 if and only if V is a finite dimensional vertex operator algebra (over C).
Moreover, the vertex operator algebra has the following structure: the
conformal vector w = 0, the central charge cy = 0, we have V(q) = V and
Vim =0 for n#0, and

Y(u,x)v=uv (7)

for all u,v € V.

Example

Let V = C[x]/(x9) for d > 1. Then V is a d-dimensional vertex operator
algebra where cy =0, w = 0, and the map

Y(-,x): V — (End V)[[x,x!]] is defined by the usual product for the
C-algebra V: ie. Y(u,x)v = uv.

| \
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Vertex Operator Algebra Module

Definition [1]

Let V be a vertex operator algebra. A V-module is a module W for V
viewed as a vertex algebra such that

W =P W), (8)

heC

where Wy = {w € W|L(0)w = hw}, the subspace of W of vectors of
weight h, and such that the grading restriction conditions dim W) < oo
for h € C and W) = 0 for h whose real part is sufficiently negative.
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Modules of Finite Dimensional Vertex Operator Algebras

Let V be a finite dimensional vertex operator algebra. A vector space W
is a module of the vertex operator algebra V if and only if W is finite
dimensional with the C-grading defined by Wy = W and W) = 0 for
h#0, Yw(-, x) is constant, [Yw(u,x1), Yw(v,x2)] =0 for all u,v € V,
Yw(1,x) =idw, and Yy (u- v,x) = Yw(u,x)Yw(v,x).
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