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Introduction

Given a Riemannian manifold (M, g) with a specified metric g the goal of minimal embedding is

to find a smooth map F : M → Rm such that:

1. F (M) Isometric

2. Has Minimal Extrinsic Curvature, i.e. to find:

F ′ = argmin
F

∫
M

|| det HF (x)⊥|| dvol︸ ︷︷ ︸
Extrinsic Curvature

subject to DF (x)>DF (x) = gx︸ ︷︷ ︸
Preserve the geometry

.

We can solve this analytically for simple cases. Consider the circle S1 embedded into R4 via

F = 1√
1 + k2 (cos θ, sin θ, cos kθ, sin kθ)
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Figure 1:[First 3 coordinates] Our initial embedding of S1 (left) and its solution, a 2D embedding (right)

Goal

Consider a data set of N points sampled from M given by X = {xi}N
i=1. We seek to perform a

similar minimization on the extrinsic curvature of the data while preserving the geometry. The

example we will work with is a discretization of the earlier example.

xi = 1√
1 + k2 (cos(θi), sin(θi), cos(kθi), sin(kθi))
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Figure 2:First three coordinates of our discretized data-set

Diffusion Maps

Our method relies on being able to parameterize our data. In order to do this we will use the

diffusion maps algorithm [1] to approximate eigenfunctions of the Laplacian {φk}k∈Z+ which form

a basis for L2(M) i.e. in the continuous case we would rewrite each coordinate of the embedding

function as

fj(z) =
∞∑

k=1
CkjUk(z) with z ∈ M

Theorem

Following Coifman and Lafon, let k(x, y) = exp
(

−‖x−y‖2

ε2

)
so that Lij = k(xi,xj)∑

j k(xi,xj). Then L~f → ∆f

as N → ∞ and ε → 0, where ∆ denotes the Laplace operator. The eigenfunctions of the Laplacian ∆
can be approximated in the discrete case by the eigenvectors of the graph Laplacian L.

Approximating Eigenfunctions

Find the matrix of eigenvectors, U such that L = UV UT . This allows us to write our data as

Xi =
∑

k UikCk∗ so X = UC .
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Figure 3:Eigenvectors of L approximate the eigenfunction of ∆ on S1

Curvature Estimate

Let X be a dataset of N points embedded in Rn sampled from a manifold M of dimension d, and

define the kernel matrix Kij = kε(xi, xj) = exp

(
−

‖xi − xj‖2

ε2

)
. Let f : Rn → R be continuous.

We can evaluate f at the data points in X by letting f =
(
f (x1), f (x2), . . . , f (xN )

)T
. Then

ε−d

N
(Kf)i ≈ m0f (xi)ρ(xi) + ε2m2

(
f (xi)ρ(xi)ω(xi) + ∆(f (xi)ρ(xi)) + O(ε4)

)

mi denotes the ith moment of the kernel. m0 =
√

2π and m2 =
√

2π

2
.

ρ is the sampling density and ω is the second fundamental form of M

In order to separate the the second fundamental form from the sampling density we used a

Richardson extrapolation where we compute a second kernel Kaε for a = 1.05.

p̂ = a2Kε1 − a−dKaε1
a2 − 1

The curvature is then given by

ω = 16
ε2

(
Kε

1
p̂

− 1
)

∗The curvature estimate extends a result of Hein et al.

Minimization by Gradient Descent

For speed and accuracy we first need to find ∇CL analytically.

Curvature estimate term:

∂Q

∂cuv
= −2cuv

ε2
∑
ij

(KC)ijZ
ij
u

Z
ij
u = (Uiu − Uju)2

Isometry constraint:

∂I

∂cuv
= −2cuv

ε2
∑
ij

Λij(KC)ij
1

[
∑

r(KC)ir]2

×

(∑
r

(KC)ir(Zij
u − Zir

u )

)

Curvature Estimate

Wevaried ε between 0.02 and 0.5 and see that our curvature estimate is robust to these variations.
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Figure 4:The true curvature is well approximated by our method for various ε

Gradient Descent

In order to minimize curvature, we found an analytic expression for the gradient of the Fourier

coefficients with respect to the curvature. In order to enforce the isometry constraint we also

found the gradient of C with with respect to the norm of the kernel difference ‖KX − KUC‖fro.

Figure 5:Gradient descent reduces extrinsic curvature
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