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2x2 Matrices

@ To understand the group of 2x2 matrices, (and in particular
those with unit determinant), it makes sense to first view its
effects on R?, i.e. view SLoR as a group of linear
transformations on R2. To visualize this, we can look at how
the group acts on a square.
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effects on R?, i.e. view SLoR as a group of linear
transformations on R2. To visualize this, we can look at how
the group acts on a square.

@ Another way to look at the group action would be to look at
its effects on a lattice in R?. Relatedly, we can think of
elements of the group as maps between tori.
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@ To understand the group of 2x2 matrices, (and in particular
those with unit determinant), it makes sense to first view its
effects on R?, i.e. view SLoR as a group of linear
transformations on R2. To visualize this, we can look at how
the group acts on a square.

@ Another way to look at the group action would be to look at
its effects on a lattice in R?. Relatedly, we can think of
elements of the group as maps between tori.

@ We can also consider SLyR, now viewed as a subgroup of
SL,C, acting on complex 2-space C2.
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2x2 Matrices

@ To understand the group of 2x2 matrices, (and in particular
those with unit determinant), it makes sense to first view its
effects on R?, i.e. view SLoR as a group of linear
transformations on R2. To visualize this, we can look at how
the group acts on a square.

@ Another way to look at the group action would be to look at
its effects on a lattice in R?. Relatedly, we can think of
elements of the group as maps between tori.

@ We can also consider SLyR, now viewed as a subgroup of
SL,C, acting on complex 2-space C2.

@ This isn't very easy to visualize, so instead we will shift our
attention to the space CP!, which only has 1 complex
dimension.
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@ In the current context of SLoRR acting on the complex
projective line, we see that the space falls apart into three
pieces that each remain invariant under the action.
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@ In the current context of SL,R acting on the complex
projective line, we see that the space falls apart into three
pieces that each remain invariant under the action.

@ Upon restricting to the upper half-space (which we will call
H2) we get our final product, the group SL»(R) acting on HZ.
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@ Let’s begin with some cyclic subgroups of SL,R as a motion
group:
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Subgroups and Straight Lines

@ Let’s begin with some cyclic subgroups of SL,R as a motion

group:
1 1],
e H= ({0 1]> ~7
0 1], . -1 o0 ,
e G = <[_1 0]> & 7, because the matrix { 0 _1] doesn’t

"do" anything.
@ Another subgroup, which is quite important geometrically, is

the subgroup K = {[6 (1)] | t >0}
t
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SL,(R) and Hyperbolic Space

@ Note that there is an element of SLy(R) that doesn't "do”
anything in CP!. If we consider this the "same” as the
identity, and take every element of SL(R) "up to” this
element, we get a group called PSL>(R).

@ |t turns out that this group is the geometry preserving group
of 2-dimensional hyperbolic space (which as a set is precisely
the H? we've been looking at), in that it preserves hyperbolic
distances.
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SL,(R) and Hyperbolic Space

@ Note that there is an element of SLy(R) that doesn't "do”
anything in CP!. If we consider this the "same” as the
identity, and take every element of SL(R) "up to” this
element, we get a group called PSL>(R).

@ |t turns out that this group is the geometry preserving group
of 2-dimensional hyperbolic space (which as a set is precisely
the H? we've been looking at), in that it preserves hyperbolic
distances.

@ In looking at the group SLoR acting on H?, we are naturally
drawn to the subject of Hyperbolic Geometry.
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SL,Z

@ Looking back to the cyclic subgroups discussed before, we can
combine them to get a group SL>Z. Geometrically, this group
describes a certain tiling of hyperbolic space.

@ Viewing hyperbolic space with this tiling, we can restrict our
view to one tile, as the others can be retrieved by some
element of SLyZ.

Joseph Frias Hyperbolic geometry and the Modular Surface



Introduction
Hyperbolic Geometry
The Modular Surface

H?/SL,7Z

@ Elements of SL>Z not only allow us to consider only one tile,
but they also allow us to identify walls on this tile. This gives
the tile the structure of a quotient space H?/SL,Z.

@ This space is called the modular surface, and looks like a
punctured sphere with two "conical” points.
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H?/SL,7Z

@ Elements of SL>Z not only allow us to consider only one tile,
but they also allow us to identify walls on this tile. This gives
the tile the structure of a quotient space H?/SL,Z.

@ This space is called the modular surface, and looks like a
punctured sphere with two "conical” points.

@ Geodesics in H? translate to geodesics in this new surface,
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