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Abstract

Using the half-space model for hyperbolic geometry in dimension 3,
the VR team at MEGL is working to visualize geodesics and provide
a way to render hyperbolic manifolds in a virtual reality setting.
Currently, geodesics and basic polyhedra have been rendered in the
Unity game engine. The current work is focusing on building lattices
out of these basic polyhedra.

Introduction to Hyperbolic Geometry

The half-space model for 3D hyperbolic geometry is, as a set, the upper
half-space of R3. This set is endowed with a metric function

dist(~x = (x1, x2, x3), ~y) = arc cosh(1 + r2
xy

2x3y3
)

where rxy is the Euclidean distance between the two 3-vectors. Given
this structure, curves of minimizing distance between points are circles
on the affine plane defined by the vector difference of the points, and
the vertical direction.
As it is a metric space, we can find the group of homeomorphisms on it
that also preserve the distance function. This group, the isometry group
of the space, is isomorphic to PGL(2,C) ≈ PSL(2,C). In particular,
we can represent this isometry group by the extended Möbius transfor-
mations. This gives us an easy interpretation of the group action on
H3. Realizing the upper half-space of R3 as

{z + jt|z ∈ C, t ∈ R+} ⊂ H,

where H is the ring of quaternions, a member
φ = {±

 a b
c d

 } of the isometry group acts on H3 by

φ(ξ := z + jt) = aξ + b

cξ + d
.
Our full purpose is to provide a method for visualizing hyperbolic 3-
manifolds, so we are working to provide a method for visualizing fun-
damental domains. This is easy enough, as we just have to connect
the vertices of the polytope with geodesic edges. Constructing a lattice
of such polytopes is less straightforward. To do this, we had to find
the hyperbolic equivalent of reflecting across a face of a polytope in
Euclidean geometry. To do this, we constructed a quaternionic version
of sphere inversion that provided what we needed.

Programming Hyperbolic Geometry

To begin, we needed a basic tool of geometry : the straight line between
two generic pointsA andB. Note that in Unity, vectors are left-handed,
and y in the code will mean the vertical component. −z will be the
standard y in euclidean geometry.

In order to create the geodesic, we use an affine plane that contains the
average of the two points. We also determine the case where the two
points are on top of each other. The straight line in that case is just
that - a straight line.

In the case where both points are the same distance from the xy-plane,
we don’t need to consider the z component of ~A− ~B. Note that we stay
"based" at ~A+ ~B

2 until we need to consider the origin and plot a point of
the geodesic.

Here is the process in general. We need to weight the z component of
the difference, so that we actually find the center on the xy-plane.

More Unity

We also wanted to code möbius transformations, so that we could work
with the isometry group. To do this, we created a class of complex
numbers, and worked out the complex and j component of the trans-
formation.

We also included a map from the half-plane to the ball model of hyper-
bolic geometry.

In order to construct lattices of polytopes, we need some method of
reflecting across planes. To do this, we found a way of finding a sphere,
centered on the xy-plane, that intersects three specific points. The
basic problem is that we get a set of two linear equations in the x and y
components of the center (note these are the only nonzero components),
because of the fact that all the points on the sphere (which include the
three points we want on it) are equidistant from the center. We turn it
into a matrix equation, and solve for the center.

App

We created a little application that showcases some of the geometry
we’ve been working on. Go to https://github.com/jfrias3/PosterPres
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