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Motivation

Special polytopes provide combinatorial rules to en-
numerate invariant vectors. In particular, for a Lie
group G, the integral points contained within a
polytope depending on the weights λ, η, and µ cor-
respond to a basis for the space of invariant vectors

[V (λ)⊗ V (η)⊗ V (µ)]G,
where V (λ), V (η), and V (µ) are irreducible repre-
sentations of G. This allows us to effectively deter-
mine the dimension of our invariant space.
This has applications in algebraic geometry and
quantum field theory, as well in unexpected loca-
tions, such as phylogenetics.

“We’re counting BLAMS!”

Process

A polytope is a convex set in Rn. To construct one, we
can either take a set of points and consider its convex
hull or we can consider it as the intersection of a set
of half-planes.
Every diagram we will draw has a set of rules associ-
ated with it. These rules generate the half-planes used
to form our polytope. Any time one of our games pro-
duces a path, it represents a point sitting inside our
polytope.

SL2 Game Rules

1 Draw a trivalent graph.
2 Blow it up into a ribbon diagram.
3 Draw a closed path through the diagram that does
not pass through any edge more than twice.
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SLn Game Rules

1 Draw a trivalent graph.
2 Using the ‘BZ’ triangles, quilt together the graph.
3 Starting at an edge node, draw a tree through the
triangles such that within each hexagon, it has the
form

Quilting Rules

Imagine you want to stitch together a
quilt of triangles using your trivalent
graph as a guide. At each vertex, add a
patch. Then, mentally stitch together
the edges of the patches that are con-
nected by the graph.

Each patch of the quilt is actually made
up of hexagons and smaller triangles. It
is these hexagons we worry about for
the SLn game.

There are also invisible
hexagons! Every time we
stitch together two patches,
the smaller triangles line up
and create these hexagons.

SL2 Polytopes

Dumbbell:

→

Pizza:

→

Theorem (Extremal Rays (SL2))

Every time you draw a path solely of the forms be-
low in the SL2 game, it corresponds to an extremal
ray on the associated polytope.

Theorem (Chaos (SLn))

For every natural number m,
1) there exists some trivalent graph Γ such that PΓ,3

has an indecomposable with maximum weight m
2) there exists some natural number N such that
Ph,N has an indecomposable with maximum
weight m.
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