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INTRODUCTION AND CAPILLARY STATICS CAPILLARY DYNAMICS

CLASSICAL RESULTS AND NEW EXPERIMENTS

Jurin’s Law (1718)

Maximum height is inversely proportional 
to the radius of the tube.

ℎ𝑒𝑒𝑒𝑒 =
2𝛾𝛾 𝑐𝑐𝑐𝑐𝑐𝑐(𝜃𝜃)
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M.E.N.I.S.C.U.S. Statics Equations (2020)
Capillary pressure in terms of saturation

3D Volume Bounded by Spheres

𝐹𝐹𝑉𝑉 𝑆𝑆 = 𝜋𝜋𝜋𝜋 2𝑅𝑅0 sin 𝜋𝜋𝜋𝜋 − 𝑙𝑙0 sin 𝜋𝜋𝜋𝜋 + 𝜃𝜃 𝐹𝐹𝑉𝑉 𝑆𝑆 = 𝜋𝜋𝜋𝜋 2𝑅𝑅0𝑠𝑠𝑠𝑠𝑠𝑠
𝜋𝜋𝜋𝜋

𝑓𝑓 𝑙𝑙0,𝑅𝑅0
− 𝑙𝑙0 𝑠𝑠𝑠𝑠𝑠𝑠

𝜋𝜋𝜋𝜋
𝑓𝑓 𝑙𝑙0,𝑅𝑅0

+ 𝜃𝜃

2D Area Bounded by Circles

Navier-Stokes Equations (circa 1821)

(1) 𝜌𝜌 𝜕𝜕𝑢𝑢
𝜕𝜕𝜕𝜕

+ 𝑢𝑢 � ∇𝑢𝑢 = −∇𝑃𝑃 + 𝜇𝜇∇2𝑢𝑢 + 𝜌𝜌𝑔⃗𝑔

(2) ∇ � 𝑢𝑢 = 0z

Washburn Equation (1921)

ℎ 𝑡𝑡 = 𝐷𝐷𝐷𝐷, where 𝐷𝐷 ∶= 𝛾𝛾𝛾𝛾 cos 𝜃𝜃
2𝜇𝜇

M.E.N.I.S.C.U.S. Dynamics Equations (2020)

• Remove the assumption that the velocity is constant over time.

• The pressure gradient does not depend on the position coordinates but can 

depend on time.

• For a special case with a constant pressure gradient, assume 
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= −𝐺𝐺; the 

solution is:

𝑤𝑤 𝑟𝑟, 𝑡𝑡 =
𝐺𝐺 − 𝜌𝜌𝜌𝜌
4𝜇𝜇

𝑅𝑅2 − 𝑟𝑟2 −
2 𝐺𝐺 − 𝜌𝜌𝜌𝜌 𝑅𝑅2
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𝜌𝜌𝑅𝑅2𝑡𝑡

ℎ 𝑡𝑡 =
𝐺𝐺 − 𝜌𝜌𝜌𝜌 𝑅𝑅

3𝜇𝜇
𝑡𝑡 +

2𝜋𝜋𝜋𝜋 𝐺𝐺 − 𝜌𝜌𝜌𝜌 𝑅𝑅3
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𝜆𝜆𝑛𝑛5
𝐻𝐻0 𝜆𝜆𝑛𝑛 𝑒𝑒

−𝜆𝜆𝑛𝑛2
𝜇𝜇
𝜌𝜌𝑅𝑅2𝑡𝑡 − 1

• For a more complex case where pressure is a function of time, assume 

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= − 𝑃𝑃𝑐𝑐
ℎ(𝑡𝑡)

; the system is given by:

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
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𝜌𝜌
𝑃𝑃𝑐𝑐
ℎ 𝑡𝑡

− 𝜇𝜇
𝜌𝜌
𝜕𝜕
𝜕𝜕𝜕𝜕

𝑟𝑟 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

+ 𝑔𝑔 = 0

𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
− 2

𝑅𝑅2 ∫0
𝑅𝑅 𝑤𝑤 𝑟𝑟, 𝑡𝑡 𝑟𝑟𝑟𝑟𝑟𝑟 = 0

𝑤𝑤 𝑅𝑅, 𝑡𝑡 = 0

𝑤𝑤 𝑟𝑟, 0 = 0

ℎ 0 = 0

Water, Food Coloring, Glass Tube

Water, Food Coloring, Cellulose Sponge

Water, Food Coloring, Magic Eraser

Water, Food Coloring, Shammy

Lago and Araujo (2000)
Water, Glass Column, Glass Beads

Lago and Araujo (2000)
Oil, Glass Column, Sand Packing

Siddique, Anderson, and Bondarev (2009)
Water, Sponge

Delker, Pengra and Wong (1996)
Water, Glass Column, Glass Beads

Numerical Simulation of Unsteady Flow

Assume the meniscus 
is approximately flat 
and capillary pressure 
is constant.

𝑃𝑃 = 𝑃𝑃𝐴𝐴 − 𝑃𝑃𝐶𝐶
at 𝑧𝑧 = ℎ(𝑡𝑡)

𝑃𝑃 = 𝑃𝑃𝐴𝐴 at 𝑧𝑧 = 0

Numerical Simulation of Unsteady Flow

Washburn’s Model: 
Bundle of Capillary Tubes

Later Models: 
Regular Sphere Packing

FUTURE RESEARCH

• Mixture Theory: How liquids and gases permeate a material

• Deformable Materials: How material expansion and deformation 

affect capillarity

• More Simulations: Numerically solve the problem of unsteady flow 

in a tube, like we did for parallel plates

• Random Sphere Packings: A better approximation for porous 

materials
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